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ABSTRACT
Both the pre- and post-ejection phases of planetary 
nebulae have been studied« In the pre-ejection phase, the 
dynamical properties of the envelopes of four 0,9 
asymptotic-giant branch models have been studied« It is found
that in a model of luminosity log L/L = 3042, the envelope0
pulsates steadily in the first overtone mode« The full-amplitude 
pulsational properties of this model agree well with those of 
a mira variable of the same period« In models of luminosity 
log L/Lq ^ 3 «60, the envelope pulsates in the fundamental mode 
while simultaneously undergoing a series of relaxation cycles«
The properties of these models during relaxation cycles resemble 
those of the symbiotic stars« A small amount of mass loss 
occurred from the models of luminosity log L/L^ = 3«60 and 4 «14 
during the relaxation cycles but no mass loss occurred from a
model with log L/L^ = 3 «85« A distinct outward-moving shellO
which forms in the two most luminous models (log L/L = 3,85 and0
4 «14) suggests a connection with planetary nebula ejection«
In the post-ejection phase, the evolution of the nuclei 
of planetary nebulae has been studied« A consistent set of 
evolutionary sequences with masses from 0,5 to lo0 has 
been constructed, both including and neglecting neutrino energy 
losses via the universal Fermi interaction and with a detailed 
treatment of the abundance profile in the helium burning shell.
It is found that when neutrino energy losses are included,
shell thermal instabilities occur if M ^ 0,8 M while if0
neutrino energy losses are neglected, the instability occurs
only if M ^0,7 M , Carbon core burning was not found in the0
models including neutrino energy losses but occurred in those
models with M ^ 0»8 M when neutrino energy losses were0
neglected» FG Sagittae is suggested as an example of a planetary 
nebula nucleus which is currently undergoing a shell thermal 
instability» It is proposed that ejection of the hydrogen-rich
envelope from a star with a core more massive than 0»9 M will0
produce an R Coronae Borealis star or hydrogen deficient carbon 
star while ejection of the hydrogen rich envelope from a core 
less massive than 0»9 M will produce a normal planetary nebula
nucleus
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1CHAPTER 1 
INTRODUCTION
This thesis consists of numerical studies of two separate 
aspects of the planetary nebula phenomenon: (1) the mechanism
by which planetary nebulae are ejected; and (2) the evolution 
of the nuclei of planetary nebulae.
In recent years there have been several excellent reviews 
dealing with the origin and evolution of planetary nebulae and 
their nuclei (0?Dell 1968, Salpeter 1970, Faulkner 1972), A 
summary of the important observational information on planetary 
nebulae, most of it contained in these reviews, is given belows
(1) The nuclei of planetary nebulae evolve in~20,000
years along a path in the HR diagram (the Harman-Seaton sequence)
beginning at (log L/L ~4.0, log T ~4.4), evolving to the blueO e
to log T^ ~ 5 03 and finally declining into the white dwarf region 
of the HR diagram (Seaton 1966, O'Dell 1968)„
(2) The galactic distribution in the vicinity of the 
sun suggests an average total mass for nebula and nucleus of
^1„2 (O’Dell 1963) 8 However, less massive planetaries 
belonging to older population groups also exist (Kaler 1970),
One planetary nebula is known in the globular cluster M15 
(O’Dell, Peimbert and Kinman 1964), The estimated average 
nebula mass is ^0,2 (O’Dell 1962, Seaton 1966, Seaton 1968, 
Webster 1969, Cahn and Kaler 1971),
(3) The abundances of helium and metals in planetary 
nebulae are generally normal (Osterbrock 1970, Aller and Czyzak
1968) so that the ejected envelope probably represents the 
initial unprocessed material from which the star originally 
formed. However, a wide range of initial abundances is found in 
planetary nebulae« The oxygen abundance of the planetary 
nebula in the globular cluster M15 is smaller than the usual 
oxygen abundance by a factor of ~60 (OvDell, Peimbert and Kinman 1964). 
Kaler (1970) finds that He/H varies by a factor of 2 while 0/H 
varies by a factor of 10 in a sample of 250 planetaries. He also 
finds that He/H increases slightly as the population type changes 
from population I to population II. If this effect is real, then 
it indicates that some mixing of helium from the interior into 
the envelope occurs in population II planetaries.
(4) Expansion velocities are typically 20 km/sec. Using 
this fact, Abell and Goldreich (1966) argued that planetary nebulae 
must be ejected from red-giant stars„ The similarity of the 
galactic distributions of roira variables and planetary nebulae 
(Feast 1968, 1972) also suggests that ejection occurs from the 
red-giant branch.
(5) The rate at which 1.2 stars are now evolving off 
the main sequence is close to the rate of formation of planetary 
nebulae (Abell and Goldrich 1966)« Furthermore, the rate of 
formation of white dwarfs is close to the death rate of planetary 
nebulae (Weidemann 1968, Cahn and Kaler 1971). It therefore 
appears that planetary nebula ejection is a stage in the
evolution of most stars of^l.2 M and that a large fraction of0
the white dwarfs in the galaxy are cooling planetary nebula 
nucleic
Theoretical studies of the evolution of stars with 
degenerate cores and masses less than^1.0 M have been quite
successful in reproducing the Harman-Seaton sequence. A 
necessary property of these models is that they contain only a 
very small hydrogen rich envelope. For example, Rose and Smith
3
(1970) find that a 0.856 asymptotic-giant, branch star evolves 
into the region of the HR diagram occupied by planetary nebula 
nuclei only when the mass of the hydrogen rich envelope has 
decreased to 0.005 M . Deinzer and von Sengbusch (1970) find 
that adding a hydrogen rich envelope of mass M > 0.001 to a 
degenerate helium core causes the hydrogen to burn in a shell 
with the result that the star moves to a lower effective 
temperature. The ejection process must therefore remove all, or 
almost all, the hydrogen rich envelope from a degenerate red- 
giant core if the core is to evolve to the high temperature 
region occupied by the nuclei of planetary nebulae. As pointed 
out by Osterbrock (1964), the burning of even a small amount of 
hydrogen will cause the timescale of evolution to be much longer
4than observed. For example, it takes ^ ,10 years to burn 0.001
4of hydrogen at 10 L .0
An uncertainty in the models is the composition of the 
degenerate core: if the ejection process occurs on the first-
giant branch the core will be composed of helium while if the 
ejection occurs on the asymptotic-giant branch the core will be 
composed of carbon and oxygen, with a small helium envelope. 
There is strong evidence that some, if not all, low mass stars 
survive the first-giant branch without ejecting a planetary 
nebula: (1) the clump stars of open clusters (Cannon 1970)
and the horizontal branch stars of globular clusters are in the 
helium burning phase of evolution which follows the completion 
of evolution on the first-giant branch (Iben and Rood 1970,
Demarque and Mengel 1972, Faulkner and Cannon 1973); (2) some
of the groups of mira variables given by Smak (1966) have
log L/L > 3.4 even after allowing for a 1.0 magnitude variation0
in bolometric luminosity (Pettit and Nicholson 1933). Since
recent theoretical calculations show that log L/L < 3.4 at the0
tip of the first-giant branch (Rood 1972, Tben 1968, Demarque 
and Mengel 1973, Eggleton 1968, Faulkner and Cannon 1973), these 
miras almost certainly lie on the asymptotic-giant branch and 
they therefore could not have completely ejected their envelopes 
while on the first-giant branch; (3) Many of the planetary 
nebula nuclei on the HR diagram of 0 7Dell (1968) have
log L/L > 3.4. Since the maximum luminosity at the tip of theQ
first-giant branch is log L/L_ < 3.4, it is difficult to explain0
this group of planetary nebula nuclei as the cores of first-giant 
branch stars (see Deinzer and von Sengbusch (1970) for the 
effect of removal of a hydrogen rich envelope from a first-giant 
branch star). An increase in luminosity resulting from the 
helium flash can be ruled out since a star which ignites helium 
in the core will settle onto the helium burning main sequence 
rather than evolve directly into the white dwarf region of the 
HR diagram.
Although the above evidence indicates that many planetary
nebulae originate on the asymptotic-giant branch, the possibility
that some originate on the first-giant branch cannot be excluded.
Demarque and Mengel (1972) and Iben and Rood (1970) have shown
that variable mass loss amounting to^0.2 M is required on the©
first-giant branch to explain the masses of horizontal-branch
4
stars. Provided this mass loss does not result from the helium
5flash, it is conceivable that complete envelope loss and planetary 
nebula formation could occur. The apparent shortage of horizontal 
branch stars relative to first-giant branch stars mentioned by 
Demarque, Sweigart, and Gross (1972) could be explained by 
planetary nebula ejection.
Stellar models consisting of a degenerate carbon-oxygen 
core and helium envelope (and sometimes a small hydrogen rich 
envelope) have been reasonably successful in reproducing the 
Harman-Seaton sequence defined in the HR diagram by the nuclei 
of planetary nebulae (Divine 1965, L sEcuyer 1966, Rose 1966 and 
1967, Faulkner 1968, Vila 1970, Paczynski 1970, Uus 1970,
Kutter 1971, Paczynski 1971, Shaviv and Vidal 1972, Dinger 1972), 
Most of these calculations were carried out with only a few mass 
values, sometimes with, sometimes without, neutrino emission via 
the universal Fermi interaction. From the results, it is 
difficult to correlate features such as shell thermal 
instabilities and carbon burning with input parameters. Therefore, 
a consistent and complete set of models in the mass range 0,5 M’
to 1,0 M , both including and neglecting neutrino energy losses,0
has been calculated to provide a clear picture of the evolution 
of planetary nebula nuclei and to find the requirements for 
thermal instabilities and carbon burning. These calculations 
are reported in Chapters 5 and 6,
A relatively unexplored area in the theoretical study of 
planetary nebulae is the ejection mechanism itself. Those 
postulated ejection mechanisms which appear to fit the 
observational requirements are:
(1) Ejection via the pressure of radiation (Faulkner 
1970, Finzi and Wolf 1971, Sparks and Kutter 1972); this
6process produces ejection velocities of the correct magnitude 
and will probably lead to a separation of the hydrogen rich 
material from the helium rich material since the opacity of the 
hydrogen is greater than that of the helium (assuming electron 
scattering opacity and that the major luminosity source at the 
time of ejection is situated below the hydrogen-helium interface).
(2) Self-ejection of the envelope caused by a dynamical 
instability in a luminous red-giant (Roxburgh 1967, Paczynski 
and Ziolkowski 1968).
Keeley (1970) studied the non-linear dynamics of red-giant 
envelopes and found that the resultant behaviour was similar to 
the observed behaviour of the long-period variables. He also 
found that two of his models were very unstable and one 
underwent a small amount of mass loss. However, the inner 
boundary conditions were not valid at the large amplitudes of 
pulsation which occurred. Smith and Rose (1972) have recently 
reported finding relaxation oscillations in the envelope of a
0o856 M red-giant star. A small amount of mass loss occurred0
during the envelope relaxation oscillations.
In order to investigate the radiation pressure and 
dynamical instability ejection mechanisms, a computer program 
was constructed to study the dynamics of red-giant envelopes. 
Investigation of asymptotic-giant, branch envelopes showed that*
(1) the dynamical instability predicted by the linear, adiabatic 
analysis was replaced in the non-linear, non-adiabatic analysis 
by a combination of rapidly growing pulsation and relaxation 
oscillations; (2) the violent oscillatory behaviour of the 
envelope occurred at a much lower luminosity than that required
7for radiation pressure ejection; and (3) at log L/L ^ 3 „60
the envelope pulsated steadrly in the first: overtone mode with 
periods and amplitudes similar to those of the long-period 
variablese The results are reported in detail in Chapter 4 e
The computer programs used to perform the above hydrostatic 
and hydrodynamic calculations are described in Chapter 2 and the 
static structure of the asymptotic-giant branch models is 
described in Chapter 3 e
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PHYSICAL PROCESSES AND NUMERICAL METHODS 
2.1 INTRODUCTION
A hydrostatic stellar evolution program was used for the 
study of the nuclei of planetary nebulae while two implicit 
hydrodynamic programs were required for the study of red-giant, 
pulsations.
All the hydrodynamic calculations, except those specified 
otherwise, were done with a program (HI) using the difference 
equations of Fraley (1968)e These equations conserve total 
energy exactly and have a correctly time-centred momentum 
equation. However, it was found that hydrostatic solutions of 
these difference equations could not be found in high luminosity 
models if the inner boundary conditions was applied too close 
to the centre of the star (see footnote in section 2.2 (d))0 
Therefore, a second hydrodynamic program (H2) with a set of 
difference equations which allowed inclusion of the complete 
interior of the star, was used to test, the effect of the 
envelope pulsations on the hydrogen burning shell. The 
hydrostatic, double-shell-source models were also generated 
with program H2. Envelopes of these models, together with the 
correct inner boundary conditions, were transferred to program 
HI and converged again to hydrostatic equilibrium before being 
pulsated.
In each of the above programs, the Newton-Raphson method 
of solution was employed to solve the difference equations, in
9the manner originated by Henyey, Forbes and Gould (1964)„ The 
programs are described in detail in the following sections,,
2 .2 HYDRODYNAMIC PROGRAMS 
(a) Choice of method
An implicit treatment of both the energy and momentum 
conservation equations was used since the implicit method puts 
no limit on the size of the time step. If the momentum equation 
had been expressed explicitly, it would have been necessary to 
impose the Courant condition, which requires that the time step 
be less than the time required for sound to cross each mass 
zone. In the red-giants studied, the velocity amplitude is 
significant deep within the envelope (see Figure 2.1) so that 
the inner boundary condition must be applied at a small fraction 
of the total radius. Near the inner boundary, the relatively 
fast sound velocity, combined with the fine zoning required by 
the rapid change in physical variables with mass, causes the 
Courant condition to be very restrictive. The model shown in 
Figure 2.1, which had 250 points in the envelope, would require 
~10^ time steps per period if the Courant condition were to be 
satisfied.
Another advantage of the implicit method is that it 
allows the simultaneous study of envelope dynamics and hydrogen 
shell burning. A significant coupling between envelope and 
shell may be expected if catastrophic events similar to the 
dynamical instabilities of Roxburgh (1967) and Paczynski and 
Ziolkowski (1968) were to occur.
Figure 2.1
Variation of log T, log P, M^/M and vsouncj with 
radius in a static red-giant model«, A high amplitude 
velocity profile is also shown plotted against the 
static radius of each mass point. Ranges of the 
separate variables are: log T, 3-6; log P, 1-7;
M^/M, 0.7-1.0; vsound> O-150 km/sec; velocity,
0-30 km/sec.
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(b ) Differential Equations of Stellar Structure 
A spherically symmetric, non-rotating star is assumed, with 
time (t) and Lagrangian variable x = (M^/M) being the independent 
variables* The differential equations of stellar structure in 
such a star are
= 3Mx2 (e öx
du 2.1
£21 9Mx2 L k
2 4 464 TT ac r T
(radiative) 2.2a
= " v |^-x2 T~2 (~T * (convective) 2.2b
9Mx2 1 
4tt p 2.3
=öx
3Mx2„ 2 4rrr 2.4
where the variables are defined in Table 2.1
11
TABLE 2.1
DEFINITION OF VARIABLES
t
M
]
M
X
L
T
r
P
P
V
U
e
H
V
V
time (secs)
mass interior to radius r (gms) 
total stellar mass (gms)
(M /M)* 
-1luminosity (ergs sec ) 
temperature (°K) 
radius (cms) 
pressure (dynes cm“2) 
density (gms cm )
3 -1specific volume (1/p) (cm gm )
internal thermodynamic energy per gram, (ergs gm"'1')
rate of energy production via nuclear and neutrino energy
processes (ergs gm  ^ sec“ )^
2 =1opacity (cm gm )
dlnT
dlnP space variation of lnl with InP
velocity (cm sec" )
(c) Difference Equations of Program HI
These difference equations are similar to those of Fraley
(1968). The star is divided into N~1 concentric mass shells
3with boundaries l,eoo,N and centres — , ...,N + \ where x* x -
*  J + 2
The outer boundary conditions are applied at 
points N and N + which are made to coincide, i.e. + i,
12
Dependent variables are L/L , lnT, r/r and InP, with L/L_ and0 0 ©
r/r defined at zone boundaries and lnT, InP and abundances0
defined at zone centres« The difference equations used are
2 - (U i +
Lj+1 “ Lj " 3MXj+|^Xj+l ~ Xj^  L S3+z “ 6t
i - U1? i)
<P4Q>j +* / U .
6t ^ 3 + 1
-i_)l
n /-J3 + 2
2*5
lnT . .3+f lnT . !
9 M x , (x . 33 + lV 3 + f X . ! ) L . v/H3+1 3+1264tt ac r4 T2 ! T2 . 3+1 3 + 2 3+4-
(radiative) 2 o 6a
3M 2 ,V . -r~ sc , (x . oj+1 4tt 3 + 1 3+-§- x i+i) —3 z /V
W2
P • , i rj+-§r 3+2 3+1
(convective) 2 e6b
2 r3 3 9M Xj+lr i + 1r . - r „ = —  — —
J+1 j 4" p3+i
X .)3_ 2*7
<p+Q>j+i- - <P+Q>j+| =
3Mx . ,(x 3+lV 3+ 32 X . ! )3 +2
2<!’. , >3+1
GM3 + 1
r . _ r . , 3+1 j+l
Jr a „ )3+1 y
2 „8
where <r*+ f . = i ^ j+1 rJ+i + rj+i rj+1 + / +1 q +i>
0V. + ( 1 - 0 ) V .3 3
a . 3
v . 3
5t
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<P+Q> = § [(P+Q) + (P+Q) ]
and
6t = t - tn e
In the above equations, all variables are evaluated at time 
n +lt except those with a superscript n, which are evaluated 
at time tn 0 The significance of 0 is explained in section (j). 
in equation 2.6b,
or
W2
W2
GM.
j+1
+ a . , +j+1 ( 6t+6tn )
(aj+1
n \ a . , ) ,j + 1 '
as specified in the section on convection. The definition of 
the radiative temperature gradient consistent with equations 
2.6a and 2.6b is
'fadj+1 2.9
j+1*j+tTj+f
The artificial viscous pressure Q (Richtmyer and Morton 1967) 
is added for the treatment of shock waves and is given by
Q j + ! = * Pj + j <>3+1 “ V
= 0
if v . > v . ,
3 J + 1
if Vo ^ Vo ,J J + 1 ’
2.10
where a is a constant approximately equal to the number of mesh 
points over which the shock is spread. In these calculations 
a^ = 3 was used.
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(d ) Difference Equations of Program H2 
Difference equations corresponding to equations 2.1,0e.,2o4 
are formed by dividing the star N-l concentric mass shells, with 
boundaries defined at 1,2,0„0,N and centres defined at 
2 5 , where + i = §(x_. + x J + ^ )„ Dependent variables are
taken as L/L , lnT, r/r and InP, LnT, r/r , InP and abundances© © O
X are defined at zone boundaries while L/L is defined at zone 1 0 *
centre.
*
It is worth noting at this point some of the features of
the various difference schemes tested 0 If L/L , lnT, r/r and
0  ©
InP are all defined at zone boundaries, an interaction between
the energy generation and energy transport equations can cause
L/L (and other variables) to oscillate between successive mesh
points during dynamical calculations. The oscillations are found
when large changes in physical variables exist between successive
mass points» Such large changes occur at a shock front and at the
outer edge of convective regions in highly luminous red giants»
Appenzeller (1970) reported similar oscillations»
If L/L and r/r are defined at zone boundaries and lnT 0 0
and InP defined at zone centre, as in the work of Christy (1967), 
then smooth hydrostatic solutions of the difference equations 
cannot be found for very luminous red-giants due to an interaction 
between the mass conservation equation and the pressure gradient 
equation» With the mesh specified in this way, the difference 
equations corresponding to equations 2.3 and 2»4 in the 
hydrostatic case are
3 3 9M 2 .r . _ - r . = ——  x . i ( X . _ 3 + 1 3 4tt j+2 J+1 J pj+i
3M 2 .
•TZ X 0(x . ! 3 3+2
In a luminous red-giant model, there is a dense central star of
4white dwarf dimensions (r~0.05R ) radiating 10 L_ surrounded by
15
The difference equations used are
L - . - L  .
J + 2 J-
3Mx^ (’ x -x
J + 2 J-1 ) e .L j
U ._U .
2_16t
a low density envelope extending outwards for hundreds of solar
radii. At the transition between these two regions, the pressure
gchanges by a factor of 10 while the mass fraction changes by 
-4 12*10 . Suppose points and j are situated in the outer edge
of the central core, then 1 / r w i l l  be relatively large so that
P i «  P . i. This means that p • i «  p • i s° that r . »  r .
j+2 J ~ 2 J + 2 J~2 J"4“-1- J
and hence P . i ~ P . o << i - P. i. It. was found that there
J+i J-\ J+i
always existed a point j at the outer edge of the core such that
InP . i - InP. i and In r . . - In r . were very large relative
J-2 J+2 J+1 J
to logarithmic pressure and radius differences at neighbouring
points. If more points were added to reduce and
x . i - x. x, the point of discontinuity shifted or else the
J+2 J ~2
iterative solution failed to converge.
During dynamical calculations with the above difference 
equations, spurious changes in the velocity of the inner-most 
points sometimes occurred in the most luminous models. These 
changes are probably linked with the instability of static 
models mentioned above. Keeley (1970b) also reported a small 
numerical instability in zones 2 and 3 of the model he described 
in detail.
The form chosen for the difference equations in program 
H2 overcomes the difficulties with the static models but no 
overall energy conservation equation can then be found.
16
lnT. ,-lnT. = 
J + l 3
9M 2 .x . i(x.„ 2 4 TT ac
0. V - . , -X . )
3 + 2 J+l 3 (r.+r. )4T2 T2
3 3+1 3+1 3
(radiative) 2 „ 12a
3M 2 ,— x . i ( x . ■TT J + 2 3 + 1 W2■Xj ^ (r +r . ) 2 / P . p '' j j+i' J j j+i
(convective) 2 „12b
3 3 9M 2 . , 1
j + i  j 4 tt j + 2  j + 1  j / p y p j T i 2 . 13
(P+Q) . - (P+Q ) . = - — x . !j+1 v 3 2rr 3+^
_ (x „ -x .) r- . G M  x3M 2 v 1+1 j' I f r + \
, .2 LV 2
.GM \-+ (~r + a).r 3+1 2.14
In equation 2 „6b,
. GMi(-rr 03
GM
+ a
j+1
W2 =
ir/. G M x ,GM*l(-x>\ *(+)r ' 3“ r "j+l
as specified in the section on convection. The definition of 
the radiative temperature gradient consistent with equations 
2 „12a and 2 ,12b is
3 Lo 7 p ,P,
rad j J+1 j j*1
3+2 4nac W2(r. ,+r,)2T2 T2 3+1 3 3+1 3
2.15
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The artificial viscous pressure Q is given by
Q . = a f 3 4
'Aw p 0r „
3 3
6t
= 0 if p . < p j 2 e16
J J
where a is a small number approximately equal to the number of 
mesh points over which the shock is spread0 The acceleration a^ 
is given by
a „ =
V „»v_J
n nr ,-r „
3 |(6t+6tn )
where v . = 
J
Hence v . is time centred at n-4 while a . is time centred at n-1, 
J 3
The one-time-step phase lag in a^ causes numerical damping of 
the oscillations in a star, over and above damping from normal 
physical causes „ Bodenheimer fl968'| overcame this damping in 
his fully implicit hydrodynamic program by adding a backward 
difference correction0 However, in the present situation, this 
method led to an oscillation of the acceleration on successive 
time steps at the outer edge of the convection 2one«, The size 
of the numerical damping term can be reduced by reducing the 
time step*
(e ) Boundary conditions 
Inner boundary condition
The two inner boundary conditions are obtained by keeping 
the luminosity and radius constant at the inner edge of the 
region being studied«, Values for the interior luminosity and 
radius are obtained from hydrostatic models,,
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Surface boundary condition
The surface boundary conditions were applied at a small, 
constant mass §M = M - below the surface«, The Eddington 
approximation in an extended spherical atmosphere (Chandrasekar 
1934; Kosirev 1934) is
where dT - ~xpdr 
and t = 0 at r = Ro
Note that differentiating equation 2 „17 gives
dT
dr
3L xp
2 3 ’ 64nCTr T
which is the diffusion equation in a spherically symmetric
situationo In order to solve equation 2 «17, it is assumed that
between r and R s
P « nr
Application of the mass conservation equation with this assumption 
yields
M - Ms
. n 4npr
3-n )°
This gives R in terms of since M - is known0 Equation 
2„17 can then be solved for T by assuming x = constant«, n was 
taken as 2 in these calculations« An outer boundary value for
19
P is obtained by assuming
between rs
P(R) = ~ a T(R)4 = ,
3 encR2
and R . Since
Pg can be obtained easily by
integrating
= .J— ~  Ip between r and R« The effective or L  ^ ot J sr
temperature is defined as the temperature at optical depth 
T = 2/3 «
(f ) Equation of state
In the coolest parts of the envelope, it is assumed that 
hydrogen exists in the states , H and H and that He and metals 
are unionized„ The total pressure is then made up of contributions 
from the previously mentioned atoms, ions and molecules together 
with a contribution from radiation and electrons« Dissociation 
of the molecule is taken from the work of Vardya (1965)«
At. higher temperatures, the effect of molecules 
becomes insignificant and a gas consisting of hydrogen and
Hh1 ia§chelium in the states H, H , He, He and He is assumed« 
Thermodynamics of the gas, together with a contribution from 
radiation, are treated according to Baerentzen (1965)«
In the interior of the star, degeneracy is treated using 
the fitting formulae of Beaudet and Tassoul (1971).
20
(g) Opacity
The opacity is found by interpolation in the tables of 
Cox and Stewart (1971)„ Twelve points of the grid in the 
(log p, log T) plane are used in the interpolation procedure 
to obtain a smooth fit to the opacity,, Simple linear 
interpolation was found by Rood (1971) to be unsatisfactory»
A contribution to the opacity from water molecules was 
included according to the simple formula of Paczynski (1969)» 
The conductive opacity was calculated from the work of 
Mestel (1950)»
The formulae of Reeves (1965) and Fowler, Caughlan and 
Zimmerman (1967) are used to calculate nuclear energy production 
rateso Faulkner (1968) and Robertson (1972) have described the 
routines used» Energy losses via photo-, pair- and plasma^ 
neutrino processes are calculated from the interpolation 
formulae of Beaudet, Petrosian and Salpeter (1967)»
(l) Convection
The time-independent convective gradient was calculated 
from the mixing-length theory, using the solution given by 
Kippenhahn et al„ (1967)„ In non-hydrostatic situations, the 
local gravitational acceleration was replaced by W2 while the 
ratio (mixing length/pressure scale height) was replaced by Wl„ 
W2 and W1 were then defined in one of the following two ways
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GM
W2 = ~ 9 and W1 = <y
i
or
GM gr effW2 = — - + a = g _  and W1 = a —  «2 eff gr
Here ^ is the usual ratio (mixing-length/pressure scale
height), and is taken as unity«. With W2 and W1 specified by
the second set of values, the characteristic length of the
mixing length theory takes the same value as in the static
case, while other effects of variations in the local effective
gravity are allowed for«, Since g ^  can become negative, the
Pdefinition 1 = a — —  cannot be meaningfully used for the
m ^eff^
mixing length0 The first set of values for W1 and W2 are the 
usual ones corresponding to the static case«
The time dependence of convection was taken into account, 
by allowing the convective velocity to vary on a characteristic 
timescale t , so that the convective velocity at time t is 
given by
n 61 , n. « «v = v + ——  (v - v ) , 2 «, 20
1
where t = —  and v is the convective velocity according to v o
the instantaneous mixing-length theory,, Substituting for t 
in equation 2„20 gives
nV
[l - (v - vn )6t/l ]' o ’ m
V = **
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When a point, first becomes convective, v is given a non-zero 
nvalue v n 0 6t0 02 «—  V T O O
The convective velocity was allowed
to decay via equation 2o20 when y ^  > V racj and the convective
velocity was set to zero if |y ^radI < 10 rad
The dynamical coupling between convective elements at, 
adjacent points was included by defining
n
n  v  • i ‘1 j-1b, . , + (1 *1 <*2)Vj + ^2vj+l 2 „21
where v_* is derived from equation 2 „20 and
max (0, 1
and
Vj  ^ and in equation 2„21 and vn in equation 2 „20 are the
convective velocities at the last time step as defined by 
equation 2 „21„ (In program H2, j is replaced by in the
above equations)„ Keeley (1970b) treated non-local convection 
by averaging convective luminosity rather than convective 
velocity over adjacent points*
Later model calculations (models 1 and 2 of Chapters 3 
and 4) used the formulation of time-dependence due to Arnett 
(1969 jo Arnett requires that
V = 2-
2 ,v )
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which is approximately satisfied by equation 2 „20 if
There is no need to arbitrarily specify v when a point first 
becomes convective with this definition of j „ Non-local 
convection was again included via equation 2„21 except that 
v*?  ^and + 1 in that equation and v11 in equation 2 „20 are
obtained directly from equation 2 „20, rather than from equation 
2 „21, at the last time step* With the earlier definitions for 
Vj  ^and ecluat;lon 2.21 and v11 in equation 2 „20, the
convective velocity at the edge of an expanding convection zone 
could initially grow via space-averaging, without being 
restricted by the local growth rate« The convective luminosity 
in the non-local equations of Keeley (1970b) also behaves in 
this manner»
The above formulae for non-local convection contain
n+1quantities defined at time t at mass point j  only„ Hence, 
the Henyey method can be used without modification and with 
all linearization terms included«
Given the convective velocity v® (from equation 2„21), 
the convective temperature gradient v according to the mixing- 
length theory is given by
where ß
V , + ß V j rad v ad
1 + ß
9 r2
4 (1 4 D and T
C Rp 1 v*
6ac T
2 „ 22
2.23
r is known as the convective efficiency (Cox and Giuli 1968) 
and is the ratio of excess heat content of a convective element
24
just before dissolving to the energy radiated during the lifetime
of an element o Note that if F -» oo, v while if T -* 0,
V -> 7 . Figure 2„2 shows the variation of F, v ?, and
L /L in a static model with non-local convection included« conv
All these quantities decrease very sharply at the outer edge
of the hydrogen ionization zone« The thermodynamic function 
2 30 = CpHp /T also shows this behaviour (at all amplitudes of 
pulsation) so that T and ^ n /L drop sharply at the outer edge 
of the hydrogen ionization zone even if v ! does not vary 
rapidly with mass fraction«
An earlier attempt to treat time-dependent convection 
using the formulation of Cox, Brownlee and Eilers (1966) proved 
to be unsatisfactory in high luminosity models at large 
amplitudes of pulsation as the Henyey method failed to converge«, 
With the method of Cox et al„ the convective flux (or luminosity), 
rather than the convective velocity, is allowed to vary on a 
convective timescale« The reason that the method failed is 
probably as follows” suppose that the outer edge of the 
convection zone is moving inwards across a certain mass point« 
While the mass point is in the convection zone, T is very 
large and convection carries most of the flux« However, as 
the outer edge of the convection zone moves across the mass 
point, F drops sharply and the convective elements can no 
longer carry a significant flux even though they may not have 
slowed down greatly« The thermal energy of the convective 
elements is radiated away as the temperature of the average 
surroundings falls below that required to ionize hydrogen«
Figure 202
Variation of F, L /L, v and v , with radiusconv conv sound
in a static red-giant model0 Ranges of the separate
variables are: T, 0-30; L /L, 0-1; v , 0-30conv conv5
km/sec; v ,, 0-30 km/sec0 5 s ound
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The problem with the formulation of Cox, Brownlee and Eilers 
is that the mass point is forced to carry almost the same 
flux when outside the ionization zone as when inside„ It 
therefore seems that the velocity, not the flux, should be the 
quantity which varies on a convective timescale. Similarly, 
the convective velocity should be the quantity used in any 
non=local averaging.
No attempt, was made to include a contribution to the 
pressure from turbulent motion of the convective elements, 
although the upper limit to the turbulent pressure given by
P. V/P t.urb A r3 1 2 , 2 v /V sound 2 024
(see Cox and Giuli 1968) is approximately 5% of the total 
pressure throughout much of the convection zone0
(j ) Energy conservation
The difference equations of Fraley (1968) give rise to 
the overall conservation equation
E - En = - \L - L S' S. 13Mx 2^1(x ... - x.)L  I U  3 + 2  J+ 2 3 + 1 J J
4ir<rN X P - K > N + i6rN
n , 2 2 „25
Here, E is the total energy of the envelope (kinetic + 
gravitational + internal thermal) and I is the inner boundary 
at which the radius is kept constant0 A statement of the
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conservation equation is; the total change in envelope energy 
in time 6t is equal to the sum of the energy input and the work 
done on the surface together with a correction term which 
vanishes if 0 = 0 o5 o Actually, 0 = 0 o51 was used for 
stability reasons, as suggested by Fraley (1968). The 
definitions of kinetic, gravitational and internal thermal 
energies used in equation 2.25 are
2.26
U 2 „28
If the correction ferm £n is defined by
and
&KEn = KE - KEn ,
then the quantity
5 = £ n c n/£n |6KEn
was evaluated at each time step as a test of energy
conservation. In all cases it was found that £ < 2*10 „3
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Both sides of equation 2S25 were also evaluated at each time 
step and found to agree to at least six decimal places0 The 
standard convergence requirement used was that the maximum 
fractional correction to any dependent variable be less than 
one part in 10^ on the last iterationc
The difference equations of H2 do not give rise to any 
overall conservation equation,
2,3 HYDROSTATIC STELLAR EVOLUTION PROGRAM
This program was written and described by Faulkner 
(1968), with additional details being given in Faulkner and 
Wood (1972), The main features of the program are summarized 
below,
4-Independent variables are time t and x = (M^/M) 
while L/L^, InT, r/r^ and InP are the dependent variables.
All variables are defined at zone boundaries. The grid of 
points was chosen (and altered during evolution) so that the 
change in abundance, ln(L/L^), InT, ln(r/r ) and InP between 
grid points was less than a corresponding prescribed value,
(a) Equation of state
A fully ionized gas is assumed, with the total pressure 
being the sum of contributions from ions, electrons and 
radiation. The ions are assumed to behave as a perfect gas 
while the electrons may become degenerate. Physical 
properties of the electron gas are calculated to an accuracy
4of 1 part in 10 over the complete range of degeneracy.
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(b) Opacity
The radiative opacity is obtained by interpolation in the 
tables of Cox and Stewart (1965) while the conductive opacity 
is obtained from the fitting formula of Mestel (1950)0
(c) Energy generation
Nuclear energy production via the triple-alpha,
12 16C (q',Y)0 and carbon burning reactions was included according 
to Reeves (1965)0 Gravitational-internal energy release is 
calculated from the formula
£gi T CP (vad
alnPat ~
aim, 
at } c
The fitting formulae of Beaudet, Petrosian and Salpeter (1967) 
are used to calculate neutrino energy losses0
(d ) Convection
In convective regions (y < Vracj)? the adiabatic 
temperature gradient was assumed.
(e ) Boundary conditions 
The outer boundary conditions are
L = 4ttcjP2T4
and
r2 + pgas ^ K ~ 4 GM/3,
while the inner boundary conditions at. = 0 are
29
L = 0
and
r = 0 0
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CHAPTER 3
STATIC STRUCTURE AND EVOLUTION OF A 0.9 MO
ASYMPTOTIC»GIANT BRANCH STAR 
3.1 MODEL CONSTRUCTION
Four hydrostatic models, each containing hydrogen and
helium burning shells, were produced with program H2 in order
to study the static structure of a 0 o9 M star at different0
stages of evolution on the asymptotic-giant branch. The hydrogen 
burning shell was situated at mass fraction 0.65, 0.70, 0„75 and 
0.80 in model 1, model 2, model 3 and model 4 respectively.
Matter interior to the helium burning shell consists of 
approximately equal proportions by mass of carbon and oxygen.
Given the total stellar mass, hydrogen shell mass fraction 
and unprocessed composition, the physical state (in particular, 
the surface luminosity) of a double-shell-source model still 
has a degree of freedom specified by the relative importance 
of the hydrogen and helium burning shells as energy producers.
It is well known that the helium burning shell of a low mass 
double-shell-source star is unstable (Schwarzschild and Harm 
1965, Harm and Schwarzschild 1972). Between shell flashes, 
the hydrogen burning shell supplies most of the star9s luminosity, 
while for a short period at the flash phase, the helium burning 
shell liberates energy at a very rapid rate. During periods 
of quiescent shell burning, the relative importance of the 
helium shell as a source of luminosity decreases with evolution
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up the asymptotic-giant, branch,, In fact, the helium shell only 
becomes unstable when the hydrogen shell surpasses it. as a source 
of luminosity following the completion of core helium burning 
(Sweigart 1971),
In the four models studied here, the hydrogen shell was 
artificially shifted to the required mass fraction« The star was 
then evolved until the hydrogen shell was the major source of 
energy and the luminosity produced by the helium shell did not 
seem to be decreasing significantly» Table 3»1 gives the 
parameters of the four models»
3,2 DETAILED STRUCTURE OF MODEL 4
This model is the most luminous of the static models and 
shows the qualitative features of the envelope structure in 
their extreme» Non-local convection is used in the construction 
of all four models» Kamijo (1962), Paczynski (1969) and Keeley 
(1970) have previously given detailed discussions of the 
structure of hydrostatic models of red-giant stars»
Figure 3»1 shows the variation with radius of mass fraction 
and the quantity ß = P ^/P» it is evident that most of the 
mass of the envelope is concentrated in a shell of radius ^ 420 R^ 
and that radiation pressures provides much of the support for 
this shell« The density, shown as a function of radius in 
Figure 3«2, is seen to decrease slowly with decreasing radius 
over almost the entire convection zone» The rapid rise in 
temperature, coupled with the decrease in molecular weight 
arising from ionization of hydrogen, causes the dip in the 
density curve a t ~ 420 R^„ Near the surface, the temperature
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TABLE 3.1
Parameters of the four 0.9 M models. The mass fractions0
specified for the shells are those at which the nuclear 
energy generation rate is a maximum. X and Z are the mass 
fractions of hydrogen and elements heavier than helium (in 
the unprocessed envelope). M /M is the mass fraction at 
the outer edge of the region of efficient convection.
Model 1 Model 2 Model 3 Model 4
X 0.68
z 0.02
M(Mq) 0.9
M r/M (H shell) 0.6512
M^/M (He shell) 0.6215
M1/M 0.9826
log (L / L q ) 3.415
iog (Lh /L0) 3.227
lo9 (Hie/L0> 2.909
109 (Lgrav/L0 ) 2.063
log Te ( t =-§-) 3.422
0.68 0.68 0.68
0.02 0.02 0.02
0.9 0.9 0.9
0.7014 0.7503 0.8015
0.6793 0.7352 0.7963
0.9729 0.9386 0.9157
3.604 3.846 4.142
3.436 3.790 4.119
3.041 1.659 1.546
2.338 2.953 2.832
3.419 3.412 3.440
Figure 3„1
Variation of M /M and ß = P /P with radius in r M gas
model 4« The cross on the M /M curve marksr
optical depth 2/3c
Figure 3 «2
Variation of log Tr, log P and log p with radius in 
model 4« The two downwardpointing arrows on the 
lower axis enclose the region unstable to convection 
while the upward-pointing arrow marks the outer edge 
of the convectively efficient region« Scale limits 
of the variables ares log T, 3-5; log P, 0-10; 
log p , -15 to -5«
LogCO
LogCp)
LogCP)
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gradient is small due to the low opacity» (It should be noted
that although much of this region is optically thin, the
diffusion approximation has been used») As the temperature
increases, the H~ ion begins to contribute significantly to the
opacity and the temperature gradient increases rapidly until the
onset of efficient convection at^420 R offsets the effect onG
the temperature gradient of further increases in the opacity« 
Although the region 420-490 is convectively unstable, almost 
no flux is carried convectively there»
Some properties of the convection zone are shown in 
Figures 3 «3 and 3,4» In the hydrogen and Hel ionization zones 
practically all the flux is carried convectively due to the 
high opacity and specific heat« Even though the convective 
efficiency parameter F >> 1, a strongly superadiabatic 
gradient is needed to carry the energy flux» As the radius 
decreases, more of the flux is carried radiatively and the 
super-adiabaticity of the temperature gradient is reduced„
The positions of the zones of ionization of H, Hel and 
Hell and the zone of H^ dissociation are shown clearly in 
Figure 3,5 by the variation of F^ and (per unit mass)« In 
the interior regions, the radiation pressure causes C to 
become very large while at the same time reducing towards 
the value 4/3 characteristic of a photon gas»
The total energy E (thermodynamic + gravitational) of all 
matter•above a given radius is plotted against the radius in 
Figure 3.6« Neutral atoms of hydrogen and helium at 0°K are 
assumed to have zero thermodynamic energy. The energy per 
unit, mass of the outermost (partly molecular) material is 
negative» However, the ionization energy of hydrogen and
Figure 3„3
Variation of v/v u L /L and log ß with radius ad c onv K
9in model 4„ ß = — is a measure of the convective
efficiency (see equation 2.23) c Scale limits of the
variables are» 7/7 ,, 0-50; L /L, 0=1; log ft,v v ad’ ’ conv ’  ^M ’
=5 to +5 e
Figure 3.4
Variation of v and P, , /P with radius in model 4.conv turb
Turbulent, pressure is not included in the model 
structure and the values given here are only estimates 
(see equation 2024)0
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Figure 3.5
Variation of specific heat per unit mass and the 
first adiabatic exponent with radius in model 4. 
The ionization and dissociation zones of hydrogen 
and helium, which cause the dips in the curve, 
are also marked.
Figure 3.6
The total energy of all matter above a given radius 
plotted against radius in model 4.
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helium, together with the energy of radiation trapped within 
the envelope, is sufficient to make E positive throughout much 
of the envelopeo Hoyle (1956) and Paczynski and Ziolkowski 
(1968) pointed out this feature of red-giant envelopes and 
suggested that an efficient conversion of the envelope energy 
to kinetic energy could cause mass loss with velocities at 
infinity of a few tens of kilometers per second. However, as 
shown by Keeley (1970), Rose and Smith (1972) and in the present 
work, the behaviour of red-giant envelopes is highly non- 
adiabatic with most of the ionization energy of hydrogen being 
radiated away rather than converted directly into kinetic and 
gravitational potential energy,
3.3 STRUCTURAL CHANGE OF THE STATIC MODELS 
WITH EVOLUTION
Figures 3,7 to 3 „10 compare the structure of the highest 
and lowest luminosity models (4 and 1 respectively). Other 
models lie between the extremes represented by these two models. 
As the burning shells consume mass at the interior of the 
envelope, the increasing luminosity causes the overall radius 
to increase. The resultant lowering of the average density of 
the envelope is achieved by a decrease in average total pressure 
throughout the envelope and also by the increased influence of 
radiation pressure. The transition from a nearly uniform 
distribution of mass with radius in model 1 to a shell-like 
distribution in model 4 is well illustrated in Figure 3,7,
This shell-like structure is partly due to the large fraction
Figure 3 „7
Radius and ß = Pgas/P plotted against mass fraction 
for model 1 (dotted line) and model 4 (continuous 
line)o
Figure 3 e8
Log P plotted against mass fraction for model 1 
(dotted line) and model 4 (continuous line).
10
Mr/M
Figure 309
Log T plotted against: mass fraction for model 1 
(dotted line) and model 4 (continuous line)„
Figure 3«10
Log p plotted against mass fraction for model 1 
(dotted line) and model 4 (continuous line)»
10
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of the envelope mass above the hydrogen ionization zone in the
higher luminosity model and partly due to the increased
influence of radiation pressure0
Figure 3 „11 shows the position of the four models in the
(log L/L , log T ) planec A first-giant branch evolutionary 0 e
track of Rood (1972) is shown for comparison» Tracks of first-
giant branch stars of other recent authors (Eggleton 1968, Iben
1968, Demarque and Mengel 1971a, Faulkner and Cannon 1973) all
terminate at log L/L < 3 „4, so that the four models considered0 ~
here are more luminous than stars on the first-giant branch»
The numbers on Figure 3„11 are the mean periods in days
of the groups of long-period variables studied by Osvalds and
Risley (1961)» Smak7s (1964, 1966) calibrations of effective
temperature and luminosity are used to place the groups in the
(log L/L , log T ) plane» The data refer to maximum light,O e
but for reasonable (one magnitude) variations in bolometric 
luminosity, all groups except those of period 131 days and 
324 days lie well above the first-giant branch at mean 
luminosity» Many long-period variables must therefore be 
asymptotic-giant branch stars» The periods of the long-period 
variables appear to increase as the effective temperature 
decreases and the radius increases»
The dotted region in Figure 3 „11 is a calibration of the 
observed giant branch by Eggen (1973), based on the old-disk 
groups Q Herculis, 61 Cygni and Wolfe 630» All the variables 
used in the calibration have amplitudes 0?5„ The filled
squares represent other variables on the giant branch of these 
groups given by Eggen (1971c)» Table 5 of Eggen (1971b) is used
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to obtain loq T from the (R-I)„ coloursc The effective
temperatures of the models are cooler than EggenTs giant branch
by 0 o06 in log T 0 However, the outer boundary conditions and
the definition of effective temperature in the models are very
crude, so that good agreement is not expected,, As an example
of the uncertainty in log T , if the effective temperature is
defined as the temperature at optical depth t = 1.0, rather
than t =■§' , log increases by ~0.02„ In all models, the
2 4value of log T satisfying L = 4rrcjr T is 0„01 to 0.02 hotter
2than the value of log T at t .
It will take ^ ,3.3*10 years for an asymptotic-giant branch 
star to evolve from model 1 to model 4. The horizontal width of 
the region between the thin lines in Figure 3.11 is a rough 
estimate of the density of stars in the (log L/L , log T^) 
plane at. that luminosity (the width of the region does not 
represent a spread in log T ) . Assuming that the mass function 
is flat over the small range of initial stellar masses present 
on the asymptotic-giant branch, and also assuming that mass 
loss has a negligible effect on giant branch evolution, the
number n of stars per unit interval in log L/L on the giant0
branch obeys the relation
x d log L/L d log L/L dMcoie
n ^ dt dM dtcore
where M increases monotonically with L/L . However, withcore 0
a constant mass fraction of hydrogen in the envelope
d Mcore L/L 0dt CC
Figure 3 011
Position of the four models in the (log L/'L , log T )0 e
plane (filled triangles), A first-giant branch 
evolutionary track of Rood 1972 (thick line) and the 
old-disk giant branch calibration of Eggen 1973 
(shaded region) are also shown. See text for further
details
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since most of the luminosity comes from the hydrogen burning 
shell and the mass between the hydrogen and helium burning 
shells does not vary rapidly with M r • Combining the above 
results gives
1 d L/LG 
n ^ d Mcore
The four models are plotted in the (L/L , M /M ) plane
in Figure 3 e12 together with the first-giant branch track of
Rood (1972) and the asymptotic-giant branch tracks of Sweigart
(1971), Paczynski (1970) and Rose and Smith (1970), The width
of the region between the thin lines in Figure 3.11 is a measure
of n for the four models and for the first-giant branch track
of Rood (1972), At log L/L ^>3.4, there are approximately0
equal numbers of stars on the asymptotic- and first-giant
branches (It is assumed here that the mass functions for
asymptotic- and first-giant branch stars are the same; however, 
8since ~2*10 years is spent in core helium burning between the 
two branches (Cannon 1970, Faulkner and Cannon 1972) there could 
be some difference in the mass function on the two branches, 
especially for more massive stars). At lower luminosities, the 
ratio of first- to asymptotic-giant branch stars will be 
greater since the slope of the first-giant branch track 
decreases with luminosity while the slope of the asymptotic- 
giant branch track remains approximately constant. The ratio 
of first- to asymptotic-giant branch stars at the tip of the 
first-giant branch will depend on the luminosity there.
Figure 3 «12
The cores of the four models in the (L/L , M /M ) 
plane (squares)« A first-giant branch track of Rood 
(1972) and the track given in Figure 3 of Paczynski 
(1970) are shown as solid lines« Asymptotic-giant 
cores of the evolutionary sequences of Rose and Smith 
1970 (triangles) and Sweigart 1971 (circles) are also
shown
15000
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Since the luminosity, core-mass relations are reasonably 
independent of input parameters (total mass, Z) and 
uncertainties in the physics of envelope convection, the 
relative number densities of first- and asymptotic-giant 
branch stars should be a function of the luminosity alone0 
In those clusters in which asymptotic- and first-giant branch 
stars are photometrically separable, it may be possible to 
calibrate the luminosity from the relative number densities on 
the two giant branches„
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CHAPTER 4
ENVELOPE DYNAMICS OF FOUR 0.9 M ASYMPTOTIC-GIANT BRANCH STARS0
In this chapter, the non-linear dynamical properties of 
the envelopes of four 0.9 M^ asymptotic-giant branch stars are 
investigated. Some effects of variations in the input physics 
are described and, finally, the results are discussed. The 
luminosity and core mass of each envelope are obtained from a 
complete stellar model generated with program H2 and are 
therefore consistent with the requirements of stellar evolution. 
Table 4.1 contains selected parameters of the four models.
4.1 DYNAMICAL BEHAVIOUR OF MODEL 1
(a) Results of the numerical calculations
Figure 4.1 shows the growth of the envelope kinetic
energy from a homologous perturbation with a surface velocity of
100 cm sec-1. Initially, the envelope pulsates in the
fundamental mode due to the form of the initial perturbation and
because the time step (0.05 years) used in the early phases is
too long to allow the development of the first overtone. At low
amplitudes, the oscillations grow exponentially with an e-folding
time of 1.49 years and a period of 482 days. With the reduction
in the size of the time step, a strong first overtone node
develops and continues to grow in amplitude until the rapid
onset of equilibrium when the peak kinetic energy of the
42.4envelope has reached 10 ° ergs. The node of the first
Figure 4 01
Envelope kinetic energy and surface radius as a
function of time in model 10
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TABLE 4.1
Parameters of the dynamical models. Subscript I signifies that 
the quantity is evaluated at the inner boundary. 6 log P and 
6 log Tj are the variations of log P and log T at the inner 
boundary during pulsation. ^Sur f ^  i-s mass faction at
which the outer boundary conditions are applied and R ^ ^  is 
the radius of the surface point. The growth rates of pulsation 
(t ) are obtained from the plots of kinetic energy against time.
Model 1 Model 2 Model 3 Model 4
log PI 13.2665 13.1310 12.7148 11.4215
log TT 6.7597 6.7586 6.7052 6.4416
RI/R0 0.290 0.284 0.298 0.385
log L/L0 3.415 3.604 3.846 4.142
R VRsurf 0 250 310 425 536
M _/Msurf 0.9995 0.9995 0.9995 0.9992
5 log P1 0.003 0.03 0.12 0.26
6 log T^ 0.0008 0.0075 0.027 0.065
PQ (days) 482 783 1518 1226
Q0 (days) 0.116 0.136 0.164 0.0937
t0 (years) 1.49 3 .02 0.44 0.98
Pl (days) 146 196 — —
Q1 (days) 0.035 0.034 — —
number of zones 123 153 156 220
Figure 4.2
Surface velocity (the direction of positive velocity 
is away from the stellar centre) and luminosity as a
function of time in model 1.
oTIME (TRS)
13.6
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overtone is situated near the middle of the hydrogen ionization 
zone at mass fraction q = 0,96 (see Figure 4„7)„ At full 
amplitude, a fundamental component is still present in the 
pulsation as clearly seen in Figure 4.3, Modulation of the 
surface velocity and luminosity curves (Figure 4 „2) by the 
fundamental may contribute partially to the observation that 
mira variables do not repeat exactly from cycle to cycle»
A notable feature of the behaviour of this model is the 
slow contraction evident in Figure 4 «3» This is consistent with 
the fact that the average radiated luminosity is greater than the 
luminosity at the base of the envelope» Keeley (1970b) also 
found that pulsation of a static model caused it to contract»
In the present study, no large change in the period of the model 
resulted from structural re-arrangement over the period studied 
and the peak kinetic energy remained very constant throughout 
the contraction phase» On the other hand, Keeley (1970c) found 
that the period of his model decreased from 520 days to 300 days 
in 37 cycles» Model 1 may have undergone major structural change 
if the pulsation had been followed far enough but the relatively 
small amplitude (compared with Keeleycs fundamental pulsator) 
makes this unlikely»
Figure 4 „4 shows the velocity at nine zones within the 
star as a function of time over three cycles» The velocity 
amplitude at the surface is much larger than the velocity 
amplitude interior to the node, as also seen in Figures 4 «5a 
and 4 «6a» Within the convection zone, the velocity profile is 
smooth but the exterior layers tend to decouple from the motion 
of the interior» A shock front, separates the two regions when
Figure 4 C3
Radius variation with time in model 1 tor points at 
mass fractions 0„9995, 0,9605, 0 o9216, 0,8792, 0 o8411, 
0 „7989, 0 „7599, 0 o7215 and 0.6810, The fundamental 
component in the pulsation can be clearly seen 
superimposed on the motion of the point at mass 
fraction 0 09605 which is close to the node of the 
predominant first-overtone mode„
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Figure 4 04
Velocity variation with time over three cycles in 
model 1 for the points specified in Figure 4 „3«,
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Figure 4.5a
Velocity as a function of mass fraction at: 0„03 year 
time intervals over half one cycle,, The surface 
velocity is increasing with timeG
Figure 4 „5b
Luminosity profiles corresponding to the velocity 
profiles in Figure 4 05a„ The interior luminosity
peak decreases with time»
o1.00
Figure 4.6a
Velocity as a function of mass fraction at 0.03 year 
time intervals over the half cycle immediately 
following that shown in Figure 4.5a. The surface 
velocity is decreasing with time.
Figure 4.6b
Luminosity profiles corresponding with the velocity 
profiles in Figure 4e6a.
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the matter in the convection zone begins to move outwards into 
the infalling surface material0 It is the emergence of the 
shock front at the surface that gives rise to the sawtooth 
nature of the surface velocity curve,
Interior luminosity profiles are shown in Figures 4 05b 
and 4,6b„ The variation in surface luminosity is much less than 
the interior luminosity variation as most of the absorption and 
release of energy occurs in the hydrogen and helium 1 ionization 
zoneso A large contribution to the surface luminosity comes 
from the strong shock front near the surface in the time 
interval immediately preceeding velocity reversal at the surface,, 
Figure 4 07 shows the work done within the envelope over 
three successive first overtone cycles (this also corresponds 
with approximately one fundamental cycle)e The overall work 
done is non-zero due to the superimposed fundamental mode but the 
zones of driving and dissipation can still be seen. Two strong 
dissipation regions exist, one at the surface and one at the base 
of the envelope. Although the dissipation per unit mass is 
very large in both regions, the total effect on the envelope is 
reduced by the small mass of each region. The dissipation at 
the surface is caused by shock waves.
The strongest driving is produced by matter in the outer 
parts of the convection-ionization zone, particularly by that 
matter which passes in and out of the zone, Keeley (1970b) also 
found driving in this region and pointed out that uncertainties 
in the molecular opacity were therefore unlikely to affect the 
driving of theoretical models, A second driving region appears 
to exist in the hydrogen-helium I ionization region interior to
the node.
Figure 4 „7
Work per gram done in model 1 over three successive 
first overtone cycles0 Movement of some specified 
features within the envelope is also shown schematically„ 
The total work done is non-zero due to the superimposed -
fundamental mode
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(b) Comparison with observations
Model I is compared directly with the high velocity halo
variable S Cannae whose period (150 days) is close to that of
the model (146 days)„ It should be noted that the observational
estimate of the effective temperature of S Carinae is ^600°K
hotter than the effective temperature of the model. The
combined observational and theoretical errors in T aree
unlikely to amount to 600°Ko Also, the metal abundance in S 
Carinae is approximately 0.1 times the solar metal abundance 
which is used in model 1 (Hain 1969). In view of these factors 
and of the large uncertainties in the physics of convection, 
only qualitative agreement between theory and observation is 
expected. The comparison of observational and theoretical 
pulsation properties is made as much to check the numerical 
methods used as to determine the parameters of a particular 
long-period variable.
The surface velocity and luminosity are plotted in their 
correct relative phase for three cycles in Figure 4.8. The 
velocity points are the observed infra-red absorption line 
velocities of H a m  (1969). A mean radial velocity of 287.7 km/sec 
has been assumed. Phase 0.0 corresponds with the velocity 
maximum at t. ~ 0.4 years and the observational data are repeated 
over three cycles with a period of 146 days (the computed 
overtone periods vary slightly throughout a fundamental cycle 
and average out to 146 days).
The luminosity is derived from the data of Eggen (1972a, 
private communication). All observations are reduced to a 150 
day cycle, assuming a phase of 0.5 at the visual light minimum
Figure 4 „8
Surface velocity and luminosity as a function of 
time over three first overtone periods in model 1«, 
The circles are the observed velocity and luminosity 
of S Carinae (see text)«
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on JD = 2,440,680 (Hain (1969) also took phase 0.5 to correspond 
with the visual light minima)0 Using the transformations of 
Eggen (1971a), the 1^  magnitude is derived from the photometric 
(R,I) magnitudes on the Kron system. The apparent bolometric 
magnitude is then obtained from the relation M  ^= M(I^) + 1 
given by Eggen (1971b). Assuming a distance modulus of 8.15, 
the average luminosity of model 1 agrees with the average 
luminosity of S Carinae.
It can be seen that the shape and magnitude of the 
computed velocity curve agree well with the observations. The 
amplitude of the luminosity curve and its phase relative to the 
velocity curve are also in reasonable agreement with the 
observations. A notable feature of the theoretical luminosity 
curve is the consistent appearance of three main peaks. The 
first peak is produced by the shock wave which ‘results from the 
infalling surface layers meeting the outward moving material in 
the convection zone. When all the surface layers have passed 
through the shock front (coinciding with the velocity reversal 
of the surface) the luminosity drops to a secondary minimum.
The existing observations are insufficient to decide whether or 
not a secondary minimum in the bolometric luminosity really 
exists. The hump on the declining light curve originates in the 
outer parts of the hydrogen ionization zone and is caused by a 
relatively rapid inward movement of the ionization zone.
The results of Hain (1969) show that the amplitude of the 
velocity curve obtained from the red spectra of S Carinae is 
considerably smaller than that obtained from the infra-red 
spectra. H a m  pointed out that the red velocity curve arises
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from deeper within the star than the infra-red velocity curve 
since the opacity at 8000 A° is higher than the opacity at 
6000 A°„ This fact, combined with the very steep velocity 
gradient at the surface (see Figures 4.5a and 4„6a) provides an 
explanation of the observed difference in the amplitudes of the 
red and infra-red velocity curves 0
Strong H oi emission in the spectrum of S Carinae has been 
noted by Hain (1969), the emission being faintly visible at phase 
0.6, very strong at phase 0 o0 and disappearing at phase ~0»25. 
The emission probably originates in the shock front which first 
forms in the model at phase ~0.65. The shock emerges at the 
surface at phase 0 C0 when the observed emission is strongest. In 
the model, the shock disappears at this point but. in S Carinae 
the shock could continue to travel outwards into a surrounding 
atmosphere and maintain the emission for some time. It is 
difficult to compare the observed relative velocities of the 
metal lines, the H & emission and the H <y absorption with theory 
due to the small number (<8) of points above the shock front 
and the artificial smearing of the shock over 3 to 4 of these 
points.
From the point of view of verifying the numerical methods 
used, it is interesting to compare the overall contraction found 
here and by Keeley (1970b) with observations. The results of 
Eggen (1971c, 1972b) show that large amplitude red variables 
lie on the cool side of the (M^^, R-I) relation defined by 
small amplitude variables. This suggests that pulsation may 
cause an expansion, rather than a contraction, of the average 
radius, in contrast with the theoretical result.
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In summary, the magnitude and phase of the surface velocity 
and luminosity curves of model 1 are shown to agree well with those 
of the 150 day period mira variable S Carinae0 The appearance 
of emission lines in the spectrum of S Carinae is explained by 
a shock front moving outwards through the surface layers*
However, the discrepancy between the effective temperatures and 
metal abundances makes it unlikely that model 1 accurately 
represents the mass and luminosity of S Carinae*
4.2 DYNAMICAL BEHAVIOUR OF MODEL 2
(a) Results of the calculations 
Figure 4*9 shows the growth of the kinetic energy of model 2* 
Initially, the envelope pulsates in the fundamental mode due to 
the large time step of 0*05 years and the initial homologous 
perturbation* After a number of cycles, the first overtone mode 
appears and becomes temporarily dominant, reaching full amplitude 
at t ^  8 years* In contrast with model 1, the fundamental mode 
continues to grow and overwhelms the first overtone pulsation as 
seen in Figures 4*10 and 4*11 (these figures show only the last.
20 years of the time interval shown in Figure 4*9)*
Following the radius minimum at t = 13*6 years in Figure 
4*11, the envelope undergoes a large expansion of a type also 
found in models 3 and 4* The expansion is associated with a 
large inward movement (in mass) of the ionization and convection 
zones* A shock front forms at the outer edge of the convection 
zone (see Figure 4*13a), matter being accelerated out through 
the shock front into the overlying shell of neutral material*
Figure 4 09
Envelope kinetic energy and surface radius as a
function of time in model 2,
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Figure 4o10
Surface velocity and luminosity as a function of time
in model 2
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Figure 4„11
Radius variation with time in model 2 for points at 
mass fractions 0 o9995, 0.9609, 0.9205, 0.8800, 0.8412, 
0.8015, 0.7608, 0.7201 and 0.7103.
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Figure 4 „12
Velocity variation with time in model 2 foe points 
at the mass fractions given in Figure 4 0lls
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Figure 4,13a
Velocity profiles within the envelope of model 2 
at 0 o15 year time intervals during the large 
expansion and early collapse phase. The shock 
front at the hydrogen ionization zone is clearly 
visible and moves inward in mass with time.
Figure 4,13b
Luminosity profiles corresponding to the velocity 
profiles in Figure 4.13a, Most of the luminosity 
comes from the liberation of the ionization energy 
of hydrogen during the expansion.
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At this stage, most of the luminosity is produced by the release 
of ionization energy of hydrogen at the shock front, as seen
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in Figure 4 «13b« The outer edge of the convection zone moves 
in to a minimum mass fraction of 0 o892 during the expansion0
Following the expansion and loss of internal energy, the 
envelope has insufficient pressure to support itself and undergoes 
a large collapse0 During the ensuing rebound, 3C1% of the mass 
of the star (19 zones) reaches escape velocity0 Effectively all 
the kinetic energy of the rebound is imparted to the envelope 
during a very small time interval corresponding with maximum 
c ompress iono This is clear ly demonstr ated in Figure 4 012 by 
the discontinuity in the velocity of all mass points at t =
15o6 years»
After ejection of the surface layers, the remaining 
envelope begins to pulsate once again» The period and the average 
radius of each point increase with time since the energy radiated 
by the envelope is less than the energy input at the base of the 
envelope (see Figures 4« 10 and 4 «11)« Some velocity profiles 
within the envelope during this period are shown in Figure 4 «14« 
While the region interior to M /M = 0«94 pulsates, matter that 
has been removed from the star (but which has not reached 
escape velocity) continues to fall back onto the star in a shock 
front« The hydrogen in the envelope above the shock front is 
completely molecular and has a temperature of ^  500°K« However, 
this temperature can only be an extremely rough estimate since 
the diffusion equation is used to describe energy transfer and 
the radius and temperature differences between points in the 
remnant star and points in the ejected envelope are very large« 
Another major uncertainty in the models at this stage is the
Figure 4.14
Velocity profiles within the envelope of model 2 
following the collapse. The interior of the 
envelope is pulsating while the decoupled shell 
of ejected matter can be seen above the shock 
front at the surface of the pulsating region.
1.00
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value of the molecule opacity which is treated only approximately 
by the formula of Paczynski (1969)„ The opacity of the material 
in the ejected envelope comes almost completely from water 
molecules 0
The above results indicate that as soon as the luminosity
of a 0 o9 M star becomes sufficient to cause pulsation in the 0
fundamental mode (log L/L ^ 3 06), severe mass loss will occur,0
On the asymptotic-giant branch, the necessary luminosity will 
be first produced during a thermal instability of the helium­
burning shello The results of Schwarszchild and Harm (1967) show 
that the luminosity during quiescent shell burning phases is
log L/L ^ 301 when the luminosity first reaches log L/L_ = 3 e6 © 0
during a shell flash„ Thus mass loss on the asymptotic-giant
branch should be evident in stars with log L/L > 3 S10 However,© ~
stars on the first giant branch (which will have smaller core 
masses than model 2) do not have unstable shells and will not 
show evidence of mass loss until they attain the critical 
luminosity in their quiescent evolutionc
Once mass loss has begun, two possibilities arises 
(a) mass loss will continue until there is a large reduction in 
the envelope mass, or (b) a small amount of mass loss will be 
sufficient to stabilize the envelope (perhaps return it to 
pulsation in the first overtone) so that it can evolve to higher 
luminosities„
There is some evidence from static models that once mass 
loss starts, it will continue as in Case a0 Some parameters of 
static models obtained by removing mass from the envelope of 
model 2 are shown in Table 4 02 0 From this table it can be seen 
removal of envelope mass does not produce a rapid decrease in the
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TABLE 4.2
Envelope mass, mass above the convection zone as a fraction of 
the envelope mass, log and log R/R^ for static models obtained 
by removing mass from the envelope of model 2 keeping the core 
mass and luminosity constant.
M /Menv M /Mabove conv, zone env log Te log R/R0
0 o30 0.090 3.425 2.4809
0 o 25 0.107 3.429 2.4731
0o20 0.135 3.434 2.4635
0 o 15 0.168 3.442 2.4481
o © I—1 o 0.194 3.462 2.4089
o0o 0.245 3.508 2.3178
0 o 025 0.268 3.529 2.2748
radius until < 0.15. Also, decreasing the envelope mass
causes a larger fraction of the envelope mass to lie above the 
convection zone. This will tend to favour pulsation in the 
fundamental modes since the main driving of the pulsation, which 
occurs at the outer edge of the hydrogen ionization zone, will 
be nearer the centre of the envelope«, The above results seem to 
favour the loss of a large fraction of the mass of the envelope
once mass loss begins
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(b)
There is convincing observational evidence for mass loss
from red variable stars. The violet shifted absorption lines
exhibited by some mira variables (Merrill 1960) indicate the
presence of an outward-moving cirerunsteliar shell of gas.
Thirteen late type stars with infra-red excesses examined by
Hyland et al. (1972) are mira variables with periods from 300
days to 800 days. The infra-red excess is produced in a
circumstellar dust shell which Hyland et al a estimate to have a
27typical mass of 2*10 gms. Radio emission from these objects 
at 1612 MHz indicates that a gas shell containing OH molecules
co-exists with the dust shell. The total mass of dust and gas
27surrounding these mira variables must be greater than 2*10 gms„
A third example of mass loss on the giant branch is that occurring
in planetary nebula ejection. In order to form a planetary
nebula, however, the hydrogen rich envelope must be almost
completely removed from the core (see Chapter 1).
A strong piece of indirect evidence for mass loss on the
first-giant branch is the discrepancy between the mass of stars
at the main sequence turnoff and on the horizontal branch of
globular clusters. The best fit to the mass of horizontal
branch stars from the pulsation theory of RR Lyrae variables
(Christy 1966) and from stellar evolution calculations (Rood
1970, Then and Rood 1970, Demarque and Mengel 1971b) is 0.5 -
0.6 M . However, the age of the galaxy puts a lower limit, of 0
~ 0 08 M on the mass of stars at the main sequence turnoff. It 0
therefore appears that~0o2 M is ejected during evolution on the
first-giant branch (Demarque and Mengel 1972). The luminosity
(log L/L < 3.4) at the tip of the first-giant branch is close to 0 ~
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that at which large scale mass loss was found in this study for
a 0.9 M star«, Pulsational mass loss at the tip of the first- 0
giant branch may therefore explain the~0.2 mass difference 
between horizontal branch stars and stars at the main sequence 
turnoff of globular clusters.
4o3 DYNAMICAL BEHAVIOUR OF MODEL 3
(a ) Results of the numerical calculations 
Since model 2 was shown to suffer large amounts of mass 
loss, model 3 can only represent the same 0o9 M^ star if the 
luminosity increases between models 1 and 3 on a timescale less 
than the e-folding time for dynamical pulsations. Such rates 
of luminosity increase could only be possible during thermal 
relaxation oscillations of the helium burning shell.
Schwarszchild and Harm (1967) found that the luminosity increased 
by 2 magnitudes :in 57 years during a thermal pulse in a model 
of quiescent luminosity log L/Lq = 3.4. Since this rise time 
for the luminosity is much longer than the time required for mass 
loss to occur in model 2, it seems unlikely that model 3 can
represent a star of original mass 0.9 M . However, it could0
represent the remnant of a heavier star that is undergoing mass 
loss, either during quiescent evolution up the giant branch or 
during a thermal relaxation cycle.
Figure 4.15 shows the growth of the small amplitude 
linear pulsation and the rapid transition to non-linear behaviour. 
Initially, the model pulsates in the fundamental mode with a 
period of 1518 days and a growth rate of 0.44 years. The 
velocity and luminosity profiles as a function of mass fraction
Figure 4 e15
Envelope kinetic energy and surface radius as a
function of time in model 3
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during small amplitude oscillations are shown in Figures 4« 16a 
and 4* 16b„ A noticeable feature of the velocity profiles is the 
very large amplitude deep within the envelope0 This type of 
profile; which was also found in model 4 but was absent in 
models 1 and 2, is probably the result of the shell-like 
structure of the static high luminosity envelopes (see Chapter 
3)o There is little movement in mass fraction of the position 
of the convection and ionization zones during small amplitude 
motion» The change in surface luminosity is the result of energy 
release (absorption) in a region of small mass between the core 
and the second helium ionization zone and energy absorption
(release) throughout the rest of the convection zone, the
!
latter region predominating because of its larger mass«, It should 
be noted that as a result of the large contribution to the 
luminosity from the deep interior of the envelope, care must be 
taken to apply the inner boundary condition close to the core.
The profiles shown in Figures 4« 17a and 4«, 17b immediately 
follow those in Figures 4 «,16a and 4c 16b» These figures cover 
the large expansion immediately preceeding the first collapse 
of the envelope and coincide with the transition to highly 
non-linear behaviour0 The expansion is accompanied by a 
recession from the surface (in mass) of the convection-ionization 
zones, with most of the ionization-energy of the envelope being 
radiated away through the regions of low opacity above the 
ionization zone« An instability of the ionization-convection 
zone to large inward movements in mass seems to be the cause 
of this behaviour, which was also exhibited by models 2 and 4« 
Following the expansion, the envelope has insufficient internal 
energy remaining to support itself and it undergoes the collapse
Figure 4.16a
Velocity profiles within the envelope of model 3 
at 0.15 year time intervals during small amplitude 
pulsationo The large amplitude deep within the 
envelope is particularly noticeable. The surface 
velocity is decreasing with time.
Figure 4.16b
Luminosity profiles corresponding to the velocity 
profiles in Figure 4.16a0 The surface luminosity
is decreasing with time.
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Figure 4.17a
Velocity profiles within the envelope of model 3 
at 0.15 year time intervals during the first 
expansion. The surface velocity is negative in 
the first profile and increases with time.
Figure 4.17b
Luminosity profiles corresponding to the velocity 
profiles in Figure 4.17a. The surface luminosity
increases with time.
o
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seen in Figure 4.18. After some rebounding, the envelope settles 
into a contracted state and begins pulsating. The input 
luminosity now exceeds the radiated luminosity and the envelope 
begins to expand, with an increase in period resulting. Finally, 
the envelope undergoes another expansion when the internal energy 
has built up sufficiently.
Figures 4.19a and 4.19b show velocity and luminosity 
profiles during the second expansion. Most of the luminosity is 
produced by release of the ionization energy of hydrogen over a 
region of very small mass. Matter is accelerated outwards to 
the shock front at the ionization zone where it collides with a 
shell of denser neutral material moving outwards at ~3 km/sec.
The motion of this shell, which can be recognised in Figure 4.18 
as the set of parallel lines near the tip of the expansion, is 
partly sustained by the momentum of the material colliding with 
its base (for most of the expansion, the pressure is 2-3 times 
as large within the base of the shell as below it). Eventually, 
the convection zone disappears completely and the hydrogen 
ionization zone ceases to move inwards in mass, resulting in a 
large drop in luminosity and the second collapse of the envelope. 
At the peak of the expansion, the mass fraction between the 
hydrogen burning shell and the hydrogen ionization zone is only 
0 .002.
The second collapse is different from the first in that 
there is no significant rebound. During the first collapse, all 
the material still in the convection zone collapsed and rebounded 
together, with matter exterior to this region falling onto a 
shock front. in the second collapse, the convection zone 
disappears completely and the envelope gradually falls back onto
Figure 4.18
Radius variation with time in model 3 for points at 
mass fractions 0.9995, 0.9657, 0.9327, 0.8996, 
0.8666, 0.8334, 0.8001, 0.7653 and 0.7556.
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Figure 4„19a
Velocity profiles within the envelope of model 3 
at 0o15 year time intervals during the second 
expansion. The outward moving shell of neutral 
material and the shock front at its base are 
clearly seen. The shock front moves inward in mass 
fraction with time.
Figure 4 „19b
Luminosity profiles corresponding to the velocity 
profiles in Figure 4,19a,,
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Figure 4.20
Surface velocity and luminosity of model 3 as a 
function of time»
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Figure 4 021
Velocity variation with time in model 3 for the 
points given in Figure 4 018„
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a shock front in a continuous flow„ Although there is no rebound 
to excite pulsations after the second collapse, the pulsations 
develop rapidly as the envelope expands once again.
In summary, the full amplitude dynamical behaviour of this 
model is characterized by relaxation cycles with a period of ~ 7 
years. Smith and Rose (1972) have reported similar relaxation
oscillations in a 0.856 M red-giant star. The relaxation cycles0
seem to be induced by an instability of the hydrogen ionization 
zone to large inward movements in mass. During each relaxation 
cycle there is an expansion-collapse phase, the nature of the 
collapse varying from cycle to cycle. If the expansion is very 
large, the convection zone disappears completely and the envelope 
material falls gradually back onto the interior. If the expansion 
is not large enough to cause complete decay of the convection 
zone, the matter in this zone will collapse as a shell and 
rebound causing strong ensuing pulsation of the envelope. Each 
of the expansion phases is accompanied by a large luminosity as 
the internal energy of the envelope is radiated away. A large 
shock front exists within the envelope during this phase of high 
luminosity and also during the next peak of the luminosity which 
corresponds with the envelope collapse. Between each large 
expansion, the envelope pulsates with a period which increases 
with time.
(b) Comparison with observations
This model possibly explains the behaviour of a sub-class 
of the symbiotic stars. The light, curves of the symbiotic stars 
vary with a semi-regular period typically 200 - 800 days while
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larger eruptions occur on a timescale of ^ 3  „5 years 
(Payne-Gaposhkin 1964) „ Payne-Gaposhkin (1946) and Payne- 
Gaposhkin and Boyd (1946) give light curves for the symbiotic 
variables Z Andromedae, AX Persei and R Aquarii, The spectrum 
of a symbiotic star consists of a M-type absorption spectrum, 
a B-type shell spectrum and nebula emission lines, the relative 
contributions of these three components varying with time«,
Sahade (1960) describes the general behaviour of the spectrum as 
follows:
”(a) when the star is faint, an M-type absorption 
spectrum is prominent; (b) when the star brightens, 
a B-type shell spectrum develops, its continuum 
dominating the photographic region and covering the 
M-type spectrum; and (c) when the star declines 
in brightness, the shell spectrum weakens, and 
emission lines of progressively increasing 
excitation and forbidden transitions develop«,”
Some suggestions put. forward to explain the combination
spectrum, variability and eruptive behaviour of the symbiotic stars
are;
(a) the symbiotic stars are binaries consisting of a 
hot and a cool component (Hogg 1934, Berman 1932)
(b) the symbiotic stars consist of a single hot star 
surrounded by a large optically thick envelope giving the 
appearance of a hot continuum with the absorption spectrum of a 
cool star superimposed on it (Sobolev 1960)
(c) the symbiotic stars are single stars surrounded by 
a shock wave heated chromosphere (Aller 1954, Gauzit 1955) „
Although some of the symbiotic stars are undoubtedly 
binaries (for example, T Coronae Borealis, 0Ceti,AX 
Monocerotis), the behaviour of model 3 may explain other 
symbiotic stars in conjunction with hypothesis (c) above. The
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underlying periodicity and the eruptive behaviour are explained
directly by model 3. In order to explain the chromosphere, it
should be remembered that the large expansion and accompanying
high luminosity (an eruption) are associated with a large shock
front in the envelope. Noise from this shock could propagate
outwards through the overlying shell of neutral material and
dissipate in the outer regions of the star to produce the
chromosphere0 The fact that the material incident at the shock
front is in the convection zone will enhance the production of
noise since the convective motions will tend to cause
irregularities in the density. An upper limit to the production
of sound energy can be obtained from an analysis similar to that
of Schwarzschild (1948) for the solar chromosphere. The upper
2 2limit is given by L , = 4TTr nw V, where w is the materialsound K
velocity (set equal to the velocity difference across the shock
front for an upper limit), V is the sound velocity, p is the
density and r is the radius of the shock front. At mid-expansion,
the production of sound energy given by the above formula is
~2700 L o Even allowing for the overestimates of this formula,0
it seems that a significant flux of sound energy is available 
during the expansion to energise a blue continuum. The blue 
continuum could be produced by 2-photon emission, H” ion 
formation and recombination in a collisionally excited hydrogen 
rich plasma (Gerola and Panagia 1968, 1970).
An estimate of the time for sound to cross the shell in 
the early phases i s ~ 0 o5 years (assuming typical values log P =
2.4, log p = -9, shell width = 100 R ). Farragiana and Hack0
(1972) found that it took about one year from the beginning of 
a flareup for a chromosphere to form in CH Cygni. As the shock
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front moves inwards in mass and the envelope expands, the time 
for sound to cross the outer shell will increase causing a 
prolonging of the excitation mechanism. Dissipation at later 
times could provide the energy necessary to produce the high 
excitation and forbidden emission lines in the residual low 
density envelope above the star«, It should be noted that the 
shock front associated with the envelope collapse and secondary 
luminosity peak will not cause any noise dissipation in the 
envelope as the infall velocity must, exceed the sound velocity at 
the shock front.
Several authors have tried to test observationally the 
various explanations suggested for the symbiotic stars.
Ilovaisky and Wallerstein (1968) investigated a group of symbiotic 
stars and deduced a method of distinguishing between a shock wave 
heated chromosphere and hot star excitation of a cool star 
atmosphere (the binary case). They concluded that the symbiotic 
stars are a mixed group, some being binaries and some having shock 
wave heated chromospheres. One of the most detailed 
investigations of a symbiotic star is that of CH Cygni given by 
Faraggiana and Hack (1971). They dismissed the configuration 
suggested by Sobolev (1960) since the blue continuum spectrum 
was superimposed upon the M absorption spectrum whereas the 
reverse would be the case according to Sobolev. Using the method 
of Ilovaisky and Wallerstein (1968), they find that the shock 
wave heating hypothesis is favoured over the binary excitation 
hypothesis. Radial velocities do not give any evidence of 
binary motion and, in fact, the chromospheric absorption lines 
and the emission lines show radial velocities which vary in phase 
with the photospheric absorption line velocities.
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In summary, the symbiotic stars appear to be a mixed 
group, some being binaries while others show intrinsic 
semi-regular variability as well as periodic eruptions„ Relaxation 
oscillations, produced by an instability of the hydrogen 
ionization zone in a red-giant star, are suggested as an explanation 
of the behaviour of the intrinsically variable symbiotic stars.
4.4 DYNAMICAL BEHAVIOUR OF MODEL 4
(a) Results of the numerical calculations
The dynamical behaviour of this model is an extreme
example of the relaxation oscillations shown by model 3 and is
accompanied by mass loss from the envelope„
Figure 4 022 shows the growth of small amplitude
oscillations with a period of 1226 days and e-folding time for
velocity increase of 0.98 years0 Following an expansion and
accompanying radiation of internal energy as the convection zone
recedes from the surface, the envelope collapses as seen in Figure
40230 Velocity and luminosity profiles during the expansion-
collapse phase are shown in Figure 4„24a and 4.24b„ During the
collapse, the convection-ionization zone extends outward in mass
to M^/M = 0.977. In the static model, this zone occupies
approximately half the mass of the envelope, matter exterior to
M /M = 0.914 consisting of neutral hydrogen and helium with a
small partially molecular zone near the surface. Reversal of
the collapse of the envelope coincides with the extremely large
flux of luminosity in the interior (peak log (L/L ) = 5.16) seen0
in Figure 4.24b.
Figure 4.22
Envelope kinetic energy and surface radius as a 
function of time in model 4.
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Figure 4.23
Radius variation with time in model 4 for points 
at mass fractions 0.9992, 0.9753, 0.9493, 0.9256, 
0.8995, 0.8740, 0.8501, 0.8253 and 0.8096.
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Figure 4.24a
Velocity as a function of mass fraction in model 4 
at 0.152 year time intervals during the expansion 
and collapse phases. The velocity at M^/M = 0.92 
decreases with time.
Figure 4.24b
Luminosity profiles corresponding with the velocity 
profiles in Figure 4.24a. The large interior
luminosity occurs during collapse reversal.
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Figures 4 »25a and 4 „25b show velocity and luminosity
profiles during the rebound. (These figures do not continue on
directly from Figures 4„24a and 4»24b). Most of the luminosity
is produced by matter passing through the thin hydrogen
ionization zone as it moves inwards in mass. As in model 3,
matter is accelerated outwards to the ionization zone which
coincides with (or is slightly interior to, at later stages) a
shock front at the base of a compact shell of neutral material
moving outward a t ~ 10 km sec*1» The momentum of matter compacting
onto the base of this shell, together with the high luminosity,
keeps the shell moving outwards. Eventually, the shell begins
to overtake the material above it and another shock front forms
at the top of the shell. Figure 4.23 shows clearly the compact
nature of the shell and the convergence of material from below
and above the mean trajectory. None of the material in the shell
is likely to achieve escape velocity during the present expansion»
It is interesting to note that a similar shell also formed in
„1model 3 but the velocity (~3 km sec ) of that shell was much 
smaller than in the present case.
During the rebound,~0.3% of the mass of the star (11 
zones) attains escape velocity, the outermost zone having a 
velocity 1.55 times the local escape velocity when computations 
were stopped. Mass loss in these amounts over many relaxation 
cycles will give rise to significant total mass loss. However, 
no great faith can be put in the calculated behaviour of the 
outer zones because of uncertainties in the molecular opacities 
and the treatment of the outer boundary conditions. The use of 
the diffusion equation in these optically thin regions is also
incorrect
Figure 4„25a
Velocity as a function of mass fraction in model 4 
at Ool52 year time intervals following the rebound. 
Shock fronts at the top and base of the outward 
moving shell of neutral material are clearly seen.
The shock front at the base of the shell moves 
inward in mass with time while the shock front at the 
top of the shell moves outward„
Figure 4 e25b
Luminosity profiles corresponding with the velocity
profiles in Figure 4„25a
o
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Figure 4 026
Surface velocity and luminosity as a function of
time in model 4
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Because of the small time steps required, calculations on 
this model were stopped when the hydrogen ionization zone had 
moved in to mass fraction 0.8018 (the hydrogen burning shell is 
at mass fraction 0.8015). Although very close to the hydrogen 
shell in mass fraction, the hydrogen ionization zone is situated
at 80 R , The base of the neutral shell above the lower shock0
front is situated at 500 R at this stage, the mass fraction0
there being 0.809. If the neutral shell (and the faster moving
material below it) were completely ejected, there would be very
little hydrogen left on the surface of the resulting star. It is
-4worthwhile noting that, with the typical opacities ( h = 2*10
2 - 1  7cm gm ) in the neutral shell, a luminosity of ~9*10 would
be required for radiation pressure ejection. This means that if
ejection is to occur, the shell must receive sufficient kinetic
energy to escape while it is still largely ionized i.e. in the
early rebound stage. Faulkner (1970) and Sparks and Kutter
(1972) have produced models for gentle shell ejection via
radiation pressure using electron scattering opacities. These
opacities are much larger than those in the shell of neutral
material which exists in this model after the rebound. Radiation
pressure is not therefore likely to be important in the bulk
ejection of matter from red-giants.
(b) Comparison with observations 
The formation in model 4 of a distinct outward-moving 
shell with very little hydrogen interior to it suggests an 
association with planetary nebula ejection (see Chapter 1). 
Although the shell did not reach escape velocity in the present
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calculations, higher input luminosities may lead to complete 
shell ejection« The required luminosities could be supplied by 
thermal relaxation oscillations of the helium burning shell« For 
example, Sweigart (1971) finds that the luminosity rises by 2.3 
magnitudes in ~2 years during his later relaxation cycles«
Smith and Rose (1972) have studied the effect of a shell 
relaxation cycle on the envelope of a red-giant of quiescent 
luminosity 3984 L « During the envelope relaxation oscillations 
that resulted from the increase in luminosity at the base of the 
envelope, they found that 0.007 of the star’s mass was ejected 
from the surface« Such small amounts of mass loss, which were 
also found in the present, study, may cause complete loss of the 
envelope over a period of time rather than in a single event. 
However, the calculated behaviour of the outermost mass zones 
must be treated with some reservation due to the approximate 
treatment of the physics of these zones.
It is interesting to note that the symbiotic stars have 
often been suggested as the precursors of planetary nebula 
(Deeming 1965, O ’Dell 1966, Abell and Goldreich 1966 and 
references therein), mainly because of the appearance of forbidden 
transition lines in their spectra, The calculations presented 
here for models 3 and 4 provide a theoretical basis for this 
suggestion«
4.5 VARIATIONS IN INPUT PHYSICS
(a) The effect of envelope collapse on shell burning and the 
effect of variation of the difference equations
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During the dynamical calculations described in Sections 
4„1 - 4.4, the luminosity and radius were kept constant at the 
base of the envelope even though the pressure and temperature 
varied there as shown in Table 4 01, Since the radius at the 
inner boundary is very small relative to the main envelope 
radius, even during collapsed phases, the variation of the inner 
radius is unlikely to have a significant effect on the envelope 
dynamics. However, the same cannot be said for the luminosity 
at the base of the envelope which could vary due to changes in 
temperature and pressure in the shell burning region.
To test the effect of the envelope collapse on the hydrogen 
burning shell, the dynamics of model 4 were studied using program 
H2, both with and without the two shell sources included in the 
calculations. Figure 4.27 shows the behaviour of the model when 
the radius and luminosity are kept constant at the base of the 
envelope. The model was re-run with the two burning shells 
included in the calculations over a time interval of 0.22 years 
coinciding with maximum compression. During this period, the 
luminosity produced by the hydrogen burning shell varied by
6 log L / L  0.0035 while the luminosity produced by the heliumH ©
burning shell varied by 6 log L^/L 6*10” .^ The behaviour 
of the envelope with the shells included in the calculations was 
indistinguishable from that shown in Figure 4.27, even when 
plotted on an expanded timescale. It can thus be concluded that 
the assumption of constant radius and luminosity at the base of 
the envelope is a valid approximation to the inner boundary 
conditions.
The results obtained with program H2 can be seen to agree
Figure 4 027
Radius variation with time for points at mass 
fractions 0.9992, 0.9753, 0.9493, 0.9256, 0.8995, 
0.8740, 0 o8501, 0.8253 and 0.8096 in a model with 
the same mass, core mass and luminosity as model 4 
but calculated with program H2„ The radius and 
luminosity are kept constant at the base of the 
envelope .
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well with those obtained using program HI (compare Figures 4.23 
and 4.27). This implies that the dynamical calculations described 
above are not critically dependent upon the form used for the 
difference equations„
(b) Variations in the treatment of the time-dependence 
and space-averaging of convection 
As mentioned in Section 2.2(g), the treatment of the time- 
dependence and space-averaging of convection was different in the 
calculations involving models 1 and 2 (Case A) and models 3 and 4 
(Case B). The space averaging used in Case B allows the convective 
velocity at the edge of a convection zone to grow too rapidly.
Since the thermodynamic terms in the convective efficiency 
parameter T change very rapidly at the outer edge of the convection 
zone (see Section 2.2(g)), the main factor limiting the growth of 
convective flux will be the convective velocity which should 
thus be specified as accurately as possible. The space-averaging 
of convection used in Case A allows for the restrictions of the 
local growth rate. On the other hand, the timescale used for 
the time-dependence of convection is shorter in Case A than in 
Case B .
In order to compare the two treatments of convection, 
model 1 was run with both. Figures 4.1 and 4.28 show the behaviour 
of the kinetic energy and surface radius as a function of time in 
Case A and Case B respectively while Table 4.2 shows the periods 
and Q'values in the two cases.
Figure 4 „28
Envelope kinetic energy and surface radius plotted 
against time for model 1 when the treatment of 
convection used in models 3 and 4 is assumed (see 
text for further details)0
8 .0
TIME (YRS)
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TABLE 4 c 3
Periods and Q values for model 1 with 'two different treatments 
of convection (see text.)»
Case A Case B
P0 (days) 482 451
Q0 (days) 0 o 115 0.111
P1 (days) 146 165
Q 1 (days) 0.035 0.041
Initially, both models are fundamental pulsators (due to the 
large time step) with similar growth rates and periods«, As the 
time step is reduced, both models develop a first overtone and 
exhibit similar behaviour until the onset of non-linearity«,
Then, in Case A, the model contracts and tends towards pulsation 
in the first overtone mode while, in Case B, the model expands 
and tends towards pulsation in the fundamental mode, as seen in 
Figures 4.3 and 4 »29«, The limiting amplitude behaviour is 
clearly quite sensitive to changes in the treatment of convection«, 
In view of this result, the theoretical luminosity (log L/L ~
3.6) at which the transition from first overtone to fundamental 
pulsation is found to occur in this study cannot be regarded 
as highly accurate0
Figure 4029
Radius variation with time in the envelope of model 
1 when the treatment of convection used in models 3 
and 4 is assumed (see text for further details).
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4 „6 SUMMARY AND DISCUSSION
It has been shown that asymptotic-giant branch stars of
mass 0.9 M and luminosity log L/L <3.6 pulsate in the first 
0  0  ~
overtone mode0 A comparison of a theoretical first overtone model 
with a mira variable of similar period shows good qualitative 
agreement between the magnitude and phase of the light and velocity 
curves. At higher luminosities on the asymptotic-giant branch, 
the models are found to pulsate in the fundamental mode while 
undergoing envelope relaxation oscillations. This behaviour 
could explain some of the symbiotic stars and lead to the 
production of planetary nebulae.
Variations in the treatment of convection are found to 
affect the full amplitude mode of oscillation of model 1, 
although the periods are not greatly altered. As a result, the 
value of the luminosity at which the transition from first 
harmonic to fundamental pulsation occurred in this study may not. 
be a good approximation to the transition luminosity in the real 
universe„
The observed periods of the long-period variables can be 
used to put some limits on the transition luminosity. Most of 
the mira variables have periods less than 420 days (Merrill 
1960), the most common period being ^ ,300 days. As noted 
previously by Keeley (1970) and Langer (1971) the fundamental 
periods of theoretical models are far too long to explain the 
periods of the bulk of the mira variables. The mira variables 
are therefore probably first (or higher) overtone pulsators.
The data of Osvalds and Risley (1961) together with the 
bolometric corrections of Smak (1966) indicate that mira
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variables have luminosities up to log L/L > 4.0. Thus the0 ~
transition luminosity estimated in this study is considerably 
lower than the transition luminosity of many observed mira 
variables .
A significantly higher transition luminosity could
probably be produced by an increase in the total stellar mass0
If the miras are precursors of planetary nebulae (Paczynski and
Ziolkowski 1968) then many miras will have masses ^ 1,2 M0
(O'Dell 1963). Since the core mass at a given luminosity on
the asymptotic-giant branch is almost independent of the total
mass, a 1.2 star would have more than twice the envelope mass
of any of the four 0.9 M models calculated here. Also, Table0
4.2 shows that increasing the total envelope mass decreases
the fraction of the mass of the envelope above the convection
zone without significantly increasing the radius and thereby
favours pulsation in the first overtone mode. These results
indicate that increasing the total stellar mass from 0.9 M to0
1.2 will result in a significant increase in the transition 
luminosity.
If an increase in total mass is insufficient to increase 
the transition luminosity to log L/L^ ~4.0, changes in the 
envelope physics will be required to reproduce the observations. 
In order to force red-giant models to pulsate in the first 
overtone mode at higher luminosities, it will be necessary 
to alter the static models so that, at a given effective 
temperature and luminosity, less mass will lie above the 
convection zone. The driving region at the outer edge of the 
hydrogen ionization zone will then be closer to the surface and 
overtone pulsation will be favoured. A possible and physically
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reasonable way of decreasing the mass above the convection zone 
would be to present the very rapid onset of efficient convection 
at the top of the convection zone. In this way, the size of the 
steep temperature drop above the convection zone could be 
increased so that less mass would be required between the 
surface and the ionization zone (the effective temperature and 
the temperature at the top of the ionization zone being 
approximately constant).
There is strong evidence that severe mass loss in
population II stars occurs at much lower luminosities than log
L/L^ ~ 4,0. Feast (1965) has pointed out that, no long-period
variable with a period longer than 220 days is known in a
globular cluster. Assuming that the population II variables of
longest period are also the most luminous, the 192 day variable
in 47 Tue is one of the most luminous globular cluster red-giants.
Eggen (1972a) finds log L/E = 3.53 for this variable. The lack©
of more luminous red variables in globular clusters presumably 
results from mass loss.
A second example of mass loss in population II stars was
mentioned in Chapter 1. From stellar evolution and pulsation
calculations, it appears that mass loss amounting to 0.2
occurs on the first-giant, branch (Demarque and Mengel 1972).
Furthermore, this mass loss must occur below the tip of the
first, giant branch at log L/L <3.4. (It is assumed here that
0  ~
the helium flash is of a non-dynamical nature and does not. give 
rise to an increase in surface luminosity (Harm and Schwarzschild 
1966, Thomas 1967, Demarque and Mengel 1971a). However, Edwards 
(1969) has claimed that the helium flash is of a dynamical 
nature. A prolonged increase in surface luminosity and shock
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waves from a dynamical helium flash could possibly result in 
significant mass loss.)
In the absence of a dynamical helium flash, the two
examples given above point to the existence of mass loss at log
L/L <3.5 on the first-giant branch of a globular cluster.0 ~
Stellar winds could possibly cause significant mass loss in late 
M giants (Deutsch 1969, Deutsch 1960, Weymann 1963) but the mass 
loss rates are very uncertain. If the mass loss is the result 
of pulsation in the fundamental mode, the transition luminosity 
for population II stars must be considerably smaller than for old 
disk stars. The difference in transition luminosity could 
result from the smaller mass of population II stars.
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CHAPTER 5
THERMAL PULSES IN HELIUM SHELL-BURNING STARS
D4J. FAULKNER AND P0R C WOOD
ABSTRACT
The helium shell-burning evolution of a 0,8 M^ star has 
been calculated with a detailed treatment of the abundance 
profile in the shell source0 Contrary to a suggestion by 
Paczynski (1971) that pure helium stars are thermally stable 
when so treated, the star undergoes a single thermal pulse 
before entering the white dwarf region at the end of its 
evolution. Since Kutter (1971) has found a 1,04 star to 
be stable,~ 0,8 M^ appears to be the upper mass limit for the 
thermal instability phenomenon in pure helium stars.
The decay time of the thermal pulse is in good agreement 
with the observed rate of evolution for the nuclei of planetary 
nebulae, and it is suggested that planetary shells may be 
ejected by radiation pressure during such a pulse. The 
calculations show that further pulse events are possible even 
if the shell ejection removes all hydrogen-rich material.
The present pulse was not sufficiently luminous, however, to 
eject any helium-rich material.
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INTRODUCTION
In recent years there have been numerous studies of helium
shell-burning in low mass stars ( <1,5 M^)0 It was in evolving
a 1o0 M Population II star after the helium-flash, that0
Schwarzschild and Harm (1965, 1967) discovered the thermal
instability that characterizes this evolutionary phase» This
discovery was made independently by Weigert (1965, 1966) for a
5 M star, and has subsequently been amply substantiated for 0
stars with hydrogen-rich envelopes at 1»3 M by Thomas (1967),0
at 0.85 M by Rose and Smith (1970), and at 0.6, 0.8, and 1.20
by Paczynski (1970).
Several studies have also been made of the helium shell­
burning in pure helium stars, many for comparison with the 
observations of planetary nebula nuclei, and some of these 
have also exhibited thermal instability. Rose (1966, 1967)
found that a 0.53 M star became unstable when the shell0
reached a mass fraction qTT . n_ >0.65, as did a 0.75 MHe shell ’ ©
star when qTT _ n > 0.85, while Vila (1970) found a 1.0 ML Tie shell ' 0
star unstable for qir , > 0.95 but only for the case in
which neutrino energy losses were neglected. On the other
hand, several studies have found no evidence for thermal pulses
in the shell-burning phase of pure helium stars (Divine 1965,
L'Ecuyer 1966, Faulkner 1968, Kutter 1971, Paczynski 1971).
These authors have together treated masses for 0.5 M0
to 1.5 M , both with and without neutrino energy losses. 
Paczynski (1971) has drawn attention to the fact that in all 
cases when thermal pulses have been found for pure helium stars,
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the helium shell was treated as an abundance discontinuity, 
while in all cases where a detailed abundance profile was used, 
there was no evidence of pulses,, Furthermore Uus (1970) has 
examined the thermal stability of the shells in pure helium 
stars, and concluded that they are stable except perhaps for 
the early stages of shell-burning« This paper describes 
calculations, with a detailed shell abundance profile for a 
0 «8 pure helium star, in which a single thermal pulse was 
encountered at the end of the shell-burning evolution«
§ II describes the calculations and the physical assumptions 
made, §111 gives the results for the helium shell-burning 
evolution, while § IV describes the thermal pulse event in some 
detail« In §V the thermal instability of pure helium stars 
is discussed, and the results are compared with the observations 
of planetary nebula nuclei«
II„ CALCULATIONS
The equations of stellar structure for a spherically 
symmetric star in hydrostatic equilibrium (see e«g„ 
Schwarzschild 1958, p«96) were solved using the Mount Stromlo 
stellar interiors program« This has been described by Faulkner 
(1968) (hereafter referred to as Paper I), and we list below 
only the subsequent changes«
Opacity; An improved routine was used to obtain the 
radiative opacity from the tables of Cox and Stewart (1965), 
which ensured a four-point interpolation in both ln T and lnp 
(12 local points were used in the formula)« Simple linear
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interpolation has been shown by Rood (1971) to be unsatisfactory„ 
The conductive opacity was again obtained from a fitting 
formula to the data of Mestel (1950).
Energy generation: The gravitational-internal energy
production was calculated using the formula
e9 cP T<vAd
d ln P 
dt
d ln T 
dt
The changes in ln P and ln T between the present and the 
previous models were stored for greater precision in the time 
deviations. This method replaces the quadratic fit procedure 
of Paper I.
Neutrino losses; Photoneutrino, pair and plasma neutrino 
energy losses were calculated using the analytical interpolation 
formulae of- Beaudet, Petrosian, and Salpeter (1967) (equations 
(25) - (27) and Table 2 of their paper).
The helium shell-burning evolution was covered with a 
sequence of 440 models, of which about 100 referred to the 
thermal pulse. In addition some hundreds of models were 
calculated to check the thermal instability as described in §V.
TIT. THE SHELL-BURNING EVOLUTION
The starting point for the evolutionary sequence is a 
star with a core of carbon and oxygen, comprising 25% of the
star’s mass, surrounded by a helium-rich envelope. The precise
\
compositions adopted are the ??Weigert III" mixture of Cox and 
Stewart (1965) for the core, and the "Weigert I” mixture for
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the envelope« The initial compositions and the starting 
procedure are identical with those of Paper I.
Figure 1 shows the evolutionary track in the Hertzsprung- 
Russell diagram, and Figure 2 the run of central temperature and 
central density» In both diagrams, the full curves give the 
results of the present study, and the broken curves the 
corresponding tracks for the 0 o8 star without neutrino 
losses (Paper I)« Table 1 gives data for selected models, the 
subscript c denoting the centre of the star, s the surface, 
and 1 the shell (defined as the point where the helium-burning 
energy generation rate is a maximum)« The zero of time is the 
point of maximum luminosity (model 3)0 The unprimed numerals 
in Figures 1 and 2 indicate the position of the present models, 
while the primed numerals indicate models without neutrino 
losses, for which the shell-burning has reached the corresponding 
interior mass fraction, q. In the absence of neutrino 
processes, the shell-burning became extinct before it reached 
an interior mass corresponding to the present model 4.
On the upward part of the track in the Hertzsprung-Russell 
diagram, the shell-source contributes virtually all the stellar 
luminosityc The core of the star is shrinking, allowing 
further layers of helium-rich material to contract and heat 
until the helium ignites as part of the shell« The radial 
distance to the shell remains almost constant, but the exterior 
layers of the star expand and the total radius increases» The 
shell becomes thinner as it burns to larger mass values 
(AM/M in Table 1 gives the mass fraction with helium abundance 
in the range 0»2 ^ X <, 0«8), but an increase in temperature
Figure 1
The track in the Hertzsprung-Russell diagram followed 
by the 0»8 star during its helium shell-burning 
evolution» The corresponding track neglecting 
neutrino losses is also shown (broken line)»
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TABLE 1
0*8 M EVOLUTION - SELECTED MODELS G
Model 1 2 3 4 5
Time (104 yr) -105 *2 -9e4 0 3*5 11*4
log Tc 8 e29 8 034 8*24 8*19 8.07
log pc 5*43 6 022 6*51 6.65 6*82
log Pc 21*63 22*79 23*21 23*41 23*67
tY c 3 „49 10*03 18*52 24.96 40*82
M ±/M 0 „ 603 0*869 0*958 0*989 0*993
A  M/M 0*034 0*012 0*007 0*004 0*002
log r /R 1 G -1*53 -1.59 -1*72 -1.75 -1 *90
log Tx 8 o 16 8 *25 8*28 8*22 8*11
log px 3*66 3*28 3*22 3*57 4*24
log £1 4.65 5*97 6*42 6.06 4*36
h -1*81 -3*04 -3*28 -2*26 -0*12
h 0 * 97 0*88 0*84 0*95 0*99
109 Teff 4*78 4*70 5.04 5*36 5*24
log R/RG -0 o50 0*07 -0*52 -1*41 -1*75
log L/LG 3 „08 3*87 4*05 3*56 2*41
0 * 67 0*33 0*31 0*52 0.85
Figure 2
The run of central temperatures and central density
for the 0.8 M star with (full line) and withoutG
(broken line) neutrino losses. The run of temperature 
and density in the shell source is also shown at 
left, and the dotted curve indicates the thermal pulse.
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at the shell outweighs this effect and the luminosity increases 
steeply.
Model 1 describes the star when the shell has reached 
q = 0.6. At this stage the neutrino losses are still 
unimportant (L /L = 0.005) and models 1 and l7 are very 
similar. Between models 1 and 2, however, the neutrino losses 
begin to have an appreciable effect. The central temperature, 
instead of continuing to increase as in the earlier sequence, 
passes through a maximum and decreases thereafter (Figure 2). 
Figure 3 gives the run of temperature with interior mass for 
selected models. By model 2 the temperature maximum in the 
star has shifted from the centre to q = 0.3. Interior to this 
point there is an inward flow of energy to balance the neutrino 
energy loss. This situation continues for the remainder of the 
evolution. The neutrino luminosity at model 2 is still small 
(L^/L = 0.03), but the associated energy loss allows the central 
region to contract more rapidly, and this has a marked effect 
on the stellar structure. The rate at which material contracts 
into the helium-burning shell increases, causing it to become 
more active, and the star to attain a higher luminosity. The 
greater central condensation also results in a greater expansion 
at the surface. Model 2 describes the star at its maximum 
radius.
Eventually the contraction of the region of the star 
interior to the shell-source is slowed by increasing degeneracy. 
The energy production in the shell decreases, and the luminosity 
passes through a maximum (model 3), This is a factor 1.5 
greater than that attained in the absence of neutrino effects,
Figure 3
The run of temperature with interior mass for five 
models during the shell-burning evolution. The 
shell position is indicated by a large dot in each
case o
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and the evolution of the star at this stage is correspondingly 
faster.
The main effect of neutrino losses on the evolution of the 
0.8 star is to suppress the onset of carbon-burning«, In 
Paper I, when the helium-burning shell reached q = 0.98, the 
temperature in the core became high enough for carbon to ignite. 
The resultant expansion extinguished the shell-source, and the 
star settled to a carbon-burning main sequence. In the present 
sequence, the neutrino energy drain ensures that log T <8.55 
at all points in the star throughout the entire evolution 
(Figure 3). Thus carbon-burning always remains negligible, 
and the helium-burning shell remains active to still larger 
values of interior mass. By model 4 the shell is at q = 0.989, 
and shortly afterwards it becomes secularly unstable0 When 
this occurs the star is found to undergo a single thermal pulse 
after which the shell-burning decreases and the star evolves 
quietly into the white-dwarf state. A detailed description 
of the pulse event is given in § IV.
Figure 4 gives a plot of radiative luminosity against 
time for the downward part of the track in the Hertzsprung- 
Russell diagram. The neutrino luminosity is also shown, and 
it will be seen that it is only after the thermal pulse, 
during the final evolution to the white dwarf region, that it 
exceeds radiative luminosity. At this stage the star’s energy 
is supplied increasingly by cooling of the stellar material, 
with the contribution from the helium-burning shell becoming 
smaller. At model 5, L^/L = 1.75, while the shell-burning 
provides only 27% of the radiative luminosity, and thus only
Figure 4
The time scale of radiative (full curve) and neutrino
(dotted curve) luminosity change at the end of the
shell-burning evolution0 The corresponding curve for
the evolution without neutrino losses (dashed curve)
is also shown,, The dot-dash curve gives the observed
rate of luminosity decrease for planetary nuclei
(Seaton 1966) assuming a shell expansion rate of 
-120 km sec
Time Scale (yrs)
77
10% of the total energy output of the star. The broken curve 
of Figure 4 gives the plot of luminosity for the 0.8 
sequence without neutrino losses, shifted horizontally so that 
the point of maximum luminosity falls at the same time as model 
3. A comparison reveals a more rapid final decline in the 
radiative luminosity occasioned by the neutrino losses (quite 
apart from the rapid decrease in the thermal pulse). The 
slight rise at the end of the broken curve marks the onset of 
core carbon-burningo
IV. THE THERMAL PULSE
Between models 4 and 5 the star becomes thermally unstable 
and executes a single pulse (top left of the track in Figure 1)0 
Table 2 provides data for five selected models during this 
event. Models A and E describe the star just before the effects 
of the instability become apparent in the star, and just after 
they have died away. Model C represents the peak of the pulse 
(which is set as the zero of time in this case).
As the pulse is very rapid, and as the instability 
affects only the outer layers of the star, the central 
temperature and central density change very little during the 
event (Figure 2). Figure 2 also contains a plot of the run 
of temperature and density for the centre of the shell (which 
in the following description is always taken to mean the point 
at which the helium-burning rate is a maximum). It will be 
seen that this point executes a sizeable loop during the 
pulse (dotted curve). Other aspects of the pulse are illustrated
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TABLE 2
0*8 M EVOLUTION - SELECTED MODELS DURING O
THE THERMAL PULSE
Model A B C D E
Time (yrs) -10,270 -65 0 116 4060
log Tc 8*17 8.15 8.15 8.15 8.14
log pc 6.69 6.71 6.72 6.71 6.73
log Pc 23.47 23.51 23.51 23.51 23.53
tTc 27.42 29.69 29.72 29.75 30.61
M /M 0.991 0.992 0.993 0.993 0.99
iog r1/R0 -1.80 -1.80 -1.78 -1.76 -1.82
log T l 8.18 8.25 8.30 8.27 8.15
log px 3.81 3.65 3.33 3.25 3.83
log e1 5.54 6.86 7.62 6.81 4,83
♦l -1.53 -2.18 -3.11 -3.17 -1.36
ßi 0.98 0.95 0.87 0.87 0.98
109 Teff 5.33 5.37 5.36 5,40 5.33
log R/Rq -1.55 -1.52 -1.46 -1.28 -1.61
log L/L0 3.17 3.38 3.47 4.00 3.04
ßs 0.67 0.60 0.56 0.32 0.71
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in Figures 5, 6, and 7» Figure 5 gives the time variation of 
physical quantities during the most active part of the pulse; 
the total interval represented is less than 2000 years„
Figure 6 gives a plot of luminosity against interior mass for 
each of the models A to E, while Figure 7 gives a plot of the 
helium abundance profile for these models.
The onset of the thermal instability occurs when the
centre of the shell has reached q = 0.991 (model A). At this
time the shell provides 61% of the radiative luminosity, the
remainder being contributed by contraction and cooling in the
core. The value of L /L is 0.65. The shell is situated atv
about 55 percent of the total radius of the star, which is
0.028 R . Shortly after model A, the shell temperature, which G
has been falling steadily, passes through a minimum and begins 
to rise (Figure 2). At the same time the density in the shell 
decreases. The rise in temperature causes an increase in 
energy production in the shell, which is illustrated in 
Figures 5a and 5c. Figure 5a gives the time variation of 
surface luminosity (full curve) and of the maximum luminosity 
in the shell source (broken curve), while Figure 5c is the 
familiar representation of energy production and convection, 
with time and interior mass. It will be seen that the initial 
rise in energy production is quite slow, and is accompanied by 
a slow increase in the surface luminosity.
At model B, however, the rise in energy production becomes 
quite rapid. Not all the increase is evident at the surface, 
since the region of the shell-source undergoes an expansion 
that absorbs most of the additional energy. Figure 5b plots
Figure 5a
The time variation of the surface luminosity (full 
curve) and maximum luminosity (broken curve) during 
the most active part of the thermal pulse.
Figure 5b
The time variation of the radial separation of given 
mass shells during the most active part of the thermal 
pulse. The mass interval is marked against each curve, 
and the arrows indicate the time of greatest rarefaction 
for that interval.
Figure 5c
The time variation of the nuclear energy production
and convection with interior mass during the most
active part of the thermal pulse. The contours of
energy production are (reading inwards) log =He
6.0, 6.5, 7.0, 7.5.
max
0 - 996 - 1-000
0 - 992- 0-996
0 - 988- 0-992
0 - 984- 0-988
0 - 980- 0-984
B C D
- 5 0 0
TIME SCALE (YRS)
Figure 6
The run of luminosity with interior mass for five
models during the thermal pulse„ The large dots
give the position of greatest nuclear energy production«
•X'U U*!.' —' U’
-5 0 0
Figure 7
The profile of helium abundance for five models during 
the thermal pulse. The large dots give the position 
of greatest nuclear energy production.
0 985 0-990 0-995 1-0000-980
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the time variation of the linear separation between pairs of 
interior mass shells0 The whole outer 2% of the star's mass 
participates in this expansion, which commences at the centre 
of the shell (M^/M = 0 o992) and proceeds both inwards and 
outwards as time goes on„ Curve B of Figure 6 shows how the 
nuclear energy production feeds this expansion» The energy 
release is more concentrated to the centre of the shell than 
the expansion, and at q = 0»989 the luminosity is actually 
negative as energy flows inwards to the bottom of the shell» 
Because of this expansion, the rapid increase in energy production 
is characterized at the surface of the star by an increase in 
radius rather than in luminosity, and the track in the 
Hertzsprung-Russell diagram turns to the right (section BC of 
Figure 1).
Model C represents the point of maximum energy production 
in the shell, and thus the peak of the thermal pulse» The
4maximum luminosity within the shell is now 1»8 x 10 L ,0
3although the surface luminosity is still only 3 x 10 L (curve 
c of Figure 6)» With the decrease in shell energy production 
following model C, the expansion of the surface layers slows 
down and reverses» More of the energy being liberated in the 
shell now reaches the surface giving rise to the most rapid 
increase in surface luminosity during the pulse event (Figure 
5a)» The track in the Hertzsprung-Russell diagram becomes 
nearly vertical again, and the section CD of Figure 1 is 
traversed in about 100 years» By model D all the layers 
exterior to the centre of the shell have stopped expanding 
(Figure 5b), and the surface has become the point of maximum 
luminosity.
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There is still some expansion occurring at the bottom of 
the shell, however, and a negative luminosity persists at 
q = 0*985 (curve D of Figure 6)«
At the height of the pulse, the temperature gradient in 
the shell becomes high enough to cause a short-lived convective 
region, which extends towards the surface (Figure 5c)„ The 
profile of helium abundance is suddenly changed (curve c of 
Figure 7) with the introduction of helium-rich material into 
a region where the temperature is quite high* This has an 
effect on the pattern of energy production within the shell, and 
causes the shell centre, as we have defined it, to jump from 
q = 0*9919 to q = 0*9926«, This results in the discontinuity 
between B and C in the log T, log p plot of Figure 2, and 
also gives the asymmetrical shape of the contours of highest 
energy production in Figure 5c*
Figure 5 shows that, from all points of view, the onset 
of the most active part of the thermal pulse is much more 
rapid than its subsequent decay* Model E represents the 
situation after the pulse, and the energy production in the 
outer layers is again similar to that before the event, except 
that the centre of the shell has burned its way from q = 0*991 
to q = 0*993 (Figure 6)* The star retains the memory of the 
pulse only in the matter of the small discontinuity in the 
helium abundance profile at q = 0*998 which marks the outer­
most extent of the convective region* The shell does not reach 
this discontinuity before it becomes extinct on the approach 
to the white-dwarf region*
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V 0 DISCUSSION
(a) The thermal instability
The profile of helium abundance in the shell was treated 
with some care throughout the entire evolution (Figure 7 
indicates the degree of smoothness attained)0 Paczynski (1971) 
has suggested that, for pure helium stars, the shell-source 
is always thermally stable when treated in this manner,
However, a comparison of Figures 5 - 7 with similar figures 
in Weigert (1966) and Schwarzschild and Harm (1967) confirms 
the identity of the event we have described as a thermal pulse0 
It thus appears that thermal instability can occur for pure 
helium stars„
On the other hand, there is no evidence of instability
in the evolution prior to this single event„ The time steps
used were generally a few times the local Kelvin time of the 
3shell (—P/pe), but checks were made periodically with smaller 
time steps. As no previous instability has been reported with 
just a single pulse, the entire evolution was recalculated 
using a program giving somewhat better precision in the mesh 
in the vicinity of the shell„ The sequence described in the 
previous sections is actually the second, more precise 
calculation, but in Figure 8 we show the thermal pulse loops 
for both sequences in the Hertzsprung-Russell diagram0 The 
agreement is excellent0 Since the two sequences have different 
starting points (the original sequence was commenced when the 
shell was at a mass fraction of 0 e78), and since the remeshing 
and the time interval calculation are entirely independent
Figure 8
Comparison of the Hertzsprung-Russel1 diagram loops 
for the thermal pulse in the two sequences calculated0
Lo 9 ‘-/L o
/
/
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for both sequences, we believe that, we have indeed found an
instability consisting of a single pulse«
Recently, Kutter (1971) has evolved a lo04 M pure helium©
star with a similarly detailed shell treatment without finding
any thermal instability in the terminal stages of helium
shell-burning 0 He suggests that this is due to the large
contribution of radiation pressure in and above the she11-source0
The radiation pressure is appreciably less at smaller mass (see
Kuttervs Table 2 and our Table 1), and its stabilizing effect
is correspondingly reduced« The results of Rose (1966, 1967)
also indicate that the instability occurs at progressively
smaller values of qT, , as we go to smaller masses „ In viewdie shell
of our single pulse event, it seems probable that 0 o8 is 
close to the upper mass limit for which the thermal instability 
occurs in the late stages of shell-burning in pure helium stars0
(b ) Comparison with the nuclei of planetary nebulae
Much of the stimulus for studying the shell-burning 
evolution of pure helium stars comes from the observed behaviour 
of the nuclei of planetary nebulae (Harman and Seaton 1966, 
Seaton 1966, 0 7Dell 1962, 1963, 1968)« These objects have a 
very rapid 20,000 years) evolution in the Hertzsprung-Russe11 
diagram, and, from the time integral of their luminosity to the 
white-dwarf stage, are thought to be almost entirely devoid 
of hydrogen-rich material (Osterbrock 1964)c The Harmon-Seaton 
track for planetary nuclei, as compiled by 0 rDell (1968), is 
shown in Figure 9, together with the track followed by the 
present sequence« The agreement is remarkably good, especially
Figure 9
The Her'tzsprung-Russell diagram showing the Harman-
Seaton sequence for the nuclei of planetary nebulae
(points with error bars), the main sequence and
horizontal branch (thin lines), and the white dwarfs
(open squares)o Superimposed is the calculated
sequence for the helium shell-burning evolution of
a 0 e8 M star (thick line)„ The observational diagram ©
is that of 0 3Dell (1968)e The gap between the high 
and low luminosity objects on the Harman-Seaton 
sequence is an artificial one, due to the difficulty 
of positioning planetary nuclei in this region of the 
diagram; similarly the decrease of nuclei at low 
luminosities is a selection effect caused by the 
increasing difficulty of identifying planetaries as 
the surface brightness of the shell decreasesc
STAR
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when it is remembered that a small amount of residual hydrogen 
at the surface of the star will cause an appreciable reduction 
in effective temperature0 it should be remembered that, since 
we have treated pure helium stars, the comparison of the two 
tracks will only become physically realistic after the ejection 
of the shell„ Thus although the upward branches of the tracks 
are similar in the diagram, the theoretical time scale for this 
portion is too slow by nearly two orders of magnitude.
Many mechanisms have been suggested for the ejection of 
planetary nebulae shells (Kaplan and Klimishin 1959, Sakashita 
and Tanaka 1962, Deeming 1965, Kohoutek 1961, 1962, Rose 
1967). Recently, Faulkner (1970) and Finzi and Wolf (1971) have 
presented calculations for shell formation by radiation pressure. 
Faulkner has shown that shell ejection with the observed 
expansion velocity, may be accomplished by a rising luminosity 
irrespective of the rise time within the range 10^ years to 104 
years. In the track which we have calculated, there are two 
distinct types of luminosity peak — the first associated 
with the quiescent helium-burning evolution, and the second 
with the thermal pulse. The decay times from these peaks are 
seen in Figure 4, together with the observed time scale for the 
planetary nuclei (Seaton 1966, assuming an expansion velocity 
of 20 km sec"1 for the nebulae shell). Although the decay 
associated with the quiescent, evolution is much more rapid 
than the rise, it is still slower than the observed decay by 
a factor of five. The decay from the thermal pulse, on the 
other hand, is in good agreement with observations. It appears, 
then, that the thermal instability, in its more active form in
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stars with hydrogen-rich envelopes, may be responsible for the
ejection of planetary nebulae shells by the radiation pressure
mechanism. The very rapid rise time of the pulse event may
explain the observed variability of some planetary nuclei (e0g 0
Liller and Shao 1968, Koelbloed 1968, Kazarian 1968),
Finally, since the thermal instability usually gives rise
to a series of thermal pulses, the possibility of repeated shell
ejection must be considered. Many planetaries do appear to have
an extended outer shell indicative of an earlier ejection (see
the Perek-Kohoutek ’’Catalogue of Galactic Planetary Nebulae'“
1967), In addition, for the variable star FG Sagittae, there is
evidence for a second shell ejection currently taking place
(Herbig and Boyarchuk 1968, Faulkner and Bessell 1970), The
probability of a second shell ejection will depend upon the
effectiveness with which all the hydrogen-rich material was
removed during the first. If removal is virtually complete,
the resulting pure helium nucleus will be much less susceptible
to further thermal pulses than was the progenitor star. The
present study has shown, however, that even when removal is
complete, an additional pulse may occur provided the mass of the
remaining nucleus is less than 0,8 M , Such an additional pulse0
would have greater difficulty in actually ejecting material by 
radiation pressure, since the electron scattering opacity of 
the remaining helium-rich material is only about 0,6 that of the 
original hydrogen-rich envelope. The pulse calculated in the 
present study caused no mass ejection from the 0,8 star, 
but it is possible that greater thermal instablity at lower
masses may do so.
We thank Dr C cRc O fDell for permission to reproduce 
his composite Hertzsprung-Russell diagram for the nuclei of 
planetary nebulae0
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CHAPTER 6
THERMAL PULSES IN HELIUM SHELL-BURNING STARS II
P.R. WOOD AND DoJQ FAULKNER
ABSTRACT
The shell burning evolution of pure helium stars in the 
mass range 0 o5 to 1.0 M^ is studied both including and neglecting 
neutrino energy losses due to the universal Fermi interaction.
With neutrino energy losses included, stars of mass 0„5 to 0.8 
M^ undergo a single thermal pulse before becoming white dwarfs, 
while more massive stars have stable helium burning shells . In 
the absence of neutrino energy losses, carbon burning occurs in 
the core for M k 0.8 M . No thermal instability in the helium 
shell precedes the onset of carbon burning. At 0.7 M^ carbon 
fails to ignite and a thermal pulse occurs in the helium shell, 
while at 0.5 M^ neither carbon burning nor thermal instability 
is found. The significance of these results for the central 
stars of planetary nebulae is discussed, and a possible explanation 
given for carbon features in the spectra of the nuclei of advanced 
planetary nebulae, and of some white dwarfs. A possible 
relationship with the hydrogen-deficient carbon stars is also
discussed.
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I. INTRODUCTION
In Paper I of this series, Faulkner and Wood (1972) 
reported a thermal pulse in the helium burning shell of a 0.8 
M^pure helium star and suggested that, in view of the absence 
of pulses at 1.04 (Kutter 1971), ~0 „8 represents an upper
mass limit for thermal instability in such stars. In this paper, 
a consistent set of models obtained with a single stellar 
evolution program is presented so that a comparison of 
characteristics at different masses may be reliably made. All 
models have an unprocessed composition (Y,Z) = (0.956, 0.044) 
corresponding to the Weigert I mixture in the opacity tables of 
Cox and Stewart (1965). The evolution was studied both with and 
without neutrino energy losses due to the universal Fermi 
interaction; the equations of Beaudet, Petrosian, and Salpeter 
(1967) were used when these losses were included. The Henyey 
program used, and the remainder of the input physics, are 
described by Faulkner (1968) and in Paper I.
IT. MODEL CALCULATIONS
The evolutionary tracks for stars of mass 0.5, 0.7, 0.8, 
and 0.9 with neutrino energy losses included are presented in 
Figure 1. All tracks begin when the centre of the helium burning 
shell (defined as the point where the helium abundance is Y = 0.5) 
is at mass fraction q - 0.4. It will be seen that a single 
thermal pulse is associated with the decaying stages of the 
helium shell source in pure helium stars of mass 0.5 to 0.8 M^,
Figure 1
Evolutionary tracks in the H»R diagram when neutrino 
energy losses are included0 All tracks begin when the 
helium burning shell is at q = 0 04 „ Models 2 and 3 
mark the maximum luminosity and effective temperature, 
respectively, during the quiescent shell burning 
evolution« The 0o9 track was computed in two stages 
(see text)„ The cross-hatched area indicates the 
location of planetary nebula nuclei in the composite 
diagram of 0*Dell (1968)0
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and that the effect of the pulse on the exterior of the star
becomes greater at smaller mass. Table 1 gives model data for
these sequences, with models in the pulse designated by letters
and those in the quiescent evolution by numerals0
During the portion AB of the pulse cycle (Figure 1), the
rate of nuclear energy generation increases on a timescale
longer than that: required for energy to diffuse to the surface,
so that the luminosity rises slowly0 Eventually, however, the
increased rate of nuclear energy release causes the region above
the shell source to expand rapidly and absorb luminosity, as
shown by portion BC of the track in the FUR diagram,, A
convective region develops above the shell source during this
phase, achieving its maximum extent near model C; this extent
is given for each sequence in Table 2, At model C the energy
being released by the shell source reaches the surface of the
star causing a very rapid increase in surface luminosity until
model E„ Between models C and D an order of magnitude increase
in the luminosity in a time of 100 years is typical0 After
model E nuclear energy production declines monatonically as the
star moves to the white dwarf region of the BUR diagram, For
the masses considered here, carbon burning is never a significant.
energy source when the neutrino energy losses are included.
The evolution of the 0,9 M star was performed in two
stages. The section starting with the helium burning shell at
q ü 0,4 was terminated when the surface temperature fell below
4 othe lowest tabulation of the opacity table used 1,5 x 10 K>,
The stellar luminosity at this stage was log L/L = 3,96, The0
second portion of the evolutionary track was obtained by
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incrementing the mass of a 0,8 M star to 0,9 M when the shell0 ©
was at q = 0.95„ This procedure introduces some error into the
temperature structure of the 0.9 star, but. the model adjusts
to the correct structure in the order of a Kelvin time. To
check the effect of this mass changing procedure on the subsequent
evolution, the same 0.8 M model was decremented to a 0,7 M© 0
star which was then evolved. The track obtained was indistinguishable
from the 0.7 M track in Figure 1 by the time model 3 had been ©
reached, and, in particular, a thermal pulse identical to that 
shown occurred.
The final evolution of the shell source at. 0.9 M was©
found to be free of thermal pulses in spite of careful tests for
such instabilities. At regular Intervals the time step was reduced
to ~ 0.2 times the local Kelvin time (3P/2pe.) for the helium burning
shell, while the entire evolution in the critical region between
models 3 and 4 was calculated with a short time step. No
instabilities were evident. It thus appears that. -0.8 is
indeed the upper mass limit for thermal instability in the shells
of pure helium stars when neutrino energy losses are included.
Figure 2 presents the evolutionary tracks for pure helium
stars in the mass range 0.5 to 1.0 neglecting neutrino energy
losses, while Table 3 gives model data for these sequences.
All tracks commence when the shell is at q - 0.4. The tracks
at 0.8, 0.9, and 1.0 Mohave been reported previously by Faulkner
(1968) but are included here for completeness.
Without neutrino losses the thermal instability phenomenon
was found only for the 0.7 M star. At 0.8, 0.9, and 1.0 M.© ©
carbon burning in a convective core becomes significant as the
Figure 2
Evolutionary tracks in the H-R diagram when neutrino
energy losses are neglected„ All tracks begin when
the helium burning shell is at q = 0„4o Models 2 and
3 mark the maximum luminosity and effective temperature
respectively, during the quiescent shell burning
evolution „ The extension of the lo0 M tiack to lower.0
effective temperature is given by Faulkner (1968)0 
The cross-hatched area indicates the location of 
planetary nebula nuclei in the composite diagram of 
0«Dell (1968)„
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helium shell source dies out, and the onset of the thermal
instability is inhibited. Carbon burning is insignificant at
0,7 and 0 05 M , so that ~0.8 M appears to be the lower mass limit © ©
for carbon burning in pure helium stars neglecting neutrino 
losses. No thermal instability was found at 0 o5 despite 
calculations with time steps much shorter than the local Kelvin 
time in the helium burning shell. Thus, in the absence of 
neutrino losses, a single thermal pulse appears to be a feature 
of the late evolution for a small range around 0,7 M^„
III. DISCUSSION
Paczynski (1971) has made a set of evolutionary 
calculations for pure helium stars in the mass range 0.5 to 16 
M both including and neglecting the neutrino energy losses; 
he failed to find any thermal instabilities. The conflicting 
results of previous investigations of the shell sources in pure 
helium stars led him to suggest that the artificial treatment 
of the shell source as an abundance discontinuity (e„g, Hayashi, 
Hoshi, and Sugimoto 1962) could produce instabilities which 
do not exist, if a detailed abundance profile is used. Although 
thermal pulses have been found in the present paper with a 
detailed profile for the shell, these results are not in conflict 
with Paczynskivs suggestion. A comparison of his Figure 2 with 
Figure 1 of the present paper indicates that he terminated his 
evolution just short of the instability phase, and that up to 
this point his tracks are in good agreement with those calculated 
here. Furthermore, using the thin shell approximation, Rose
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(1966, 1967) found a 0.53 star unstable for <lshell :> <“)‘>^ 5 and
a 0.75 star unstable for q , > 0 o85, while Paczynski and© shell _
the present authors find their 0.5 and 0.7 stars stable well 
beyond these points. Vila (1970), also using the thin shell 
approximation, found thermal instabilities in his 1.0 M star, 
again in conflict with the results of Paczynski and the present 
paper. Other authors who have published evolutionary tracks for 
pure helium stars (Divine 1965 , Kutter 1971, Shaviv and Vidal 
1972, Dinger 1972) have found stable helium burning shells at 
the masses and evolutionary stages they have considered, in complete 
agreement with the present results. L'Ecuyer’s (1966) results at 
0.5 M and 0.7 are in good agreement with the quiescent 
evolution of the present paper, but the thermal pulse at 0.7 
appears to have been missed, possibly because of insufficiently 
small time steps.
The thermal instability of § II is somewhat different in 
character from that occurring in the helium burning shell of 
double-shell-source models (Schwarzschild and Harm 1965, 1967, 
Weigert 1965, 1966, Thomas 1967, Rose and Smith 1970, Paczynski 
1970). The double-shell-source instability exhibits many pulses, 
and is the outcome of an inherently unstable stellar configuration 
which persists as the star ascends the giant branch for the 
second time. On the other hand, the instability studied in §11 
appears to be a temporary phenomenon triggered by the effects on 
the decaying helium shell of the collapse to the white dwarf 
region. A single thermal pulse is sufficient to remove the 
instability and the star then undergoes a quiescent evolution 
to the white dwarf region.
98
Pulses of a similar type in a hydrogen burning shell have 
been described by Kippenhahn, Thomas, and Weigert (1968). They 
investigated the collapse to the white dwarf region of a 0 o264 
star (the product of a binary mass exchange)» When the shell 
reached q = 0 o99 an instability consisting of just two thermal 
pulses occurred. The behaviour of the star in the H-R diagram 
was broadly similar to that of §11, although, having a hydrogen 
envelope, the star became much cooler during the pulses than in 
the present case.
An important reason for studying the evolution of low mass, 
pure helium stars is for comparison with the nuclei of planetary 
nebulae. The shaded areas in Figures 1 and 2 indicate the 
location of the Harman-Seaton track for these nuclei (see 
composite diagram of O ’Dell 1968). The evolutionary sequences
for stars of mass £ 0.7 M_ are in reasonable agreement with this0
track, both with and without neutrino energy losses. Another 
parameter which should be matched by the models is the observed 
evolutionary timescale for the nuclei of planetary nebulae 
(~20,000 years). Figure 3 plots the time variation of luminosity 
for the decaying and pulse phases of our evolutionary tracks, 
together with this observed timescale. It will be seen that, 
for the tracks with neutrino energy losses included, the rate of 
luminosity decline during the quiet shell burning phase increases 
with mass. Reasonable agreement with observation is found for 
masses >0.8 M . Without neutrino losses, the evolutionary 
rate increases up to ~0.8 but at higher mass carbon burning
significantly slows down the evolution; the timescale for 
luminosity decline during the quiet shell burning is somewhat, too
Figure 3
Time scales of luminosity decline for the evolution
both including and neglecting neutrino energy
losses. The thermal pulses appear as spikes on the
quiescent luminosity decline. NPNi the observed
rate of luminosity change in the nuclei of planetary
nebulae (Seaton 1966; assuming a planetary shell
=  1expansion rate of 20 km s )„
NEUTRINO LOSSES NEGLECTEDNEUTRINO LOSSES INCLUDED
NPN
fO4  years
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long at all masses when neutrino energy losses are neglected.
The decline of luminosity after a thermal pulse agrees reasonably
with observation at all masses studied except 0 o5 M^„
Paper I drew attention to the similarity of the rise time
for pulse events and the remarkable brightness increase of FG
Sagittae, the central star of an old planetary nebula which
currently appears to be ejecting a second shell (Herbig and
Boyarchuk 1968, Faulkner and Bessel 1970)„ Although no mass
loss was occasioned by the pulse in the 0.8 M star investigated0
in Paper I, it was suggested that more active pulses at lower 
masses might be responsible for multiple shell ejections0 To 
eject helium-rich material by radiation pressure L/M values of
4~6 x 10 L /NI are required. Table 2 indicates the maximum L/M 0 0
values attained in the sequences of § II, and it will be seen that 
they are too low for any helium-rich material (or indeed any 
remaining hydrogen-rich material) to be ejected in this way during 
the quiescent evolution or the thermal instability. This does not 
preclude mass ejection by other mechanisms, such as the pulsational 
instability found during a thermal pulse by Rose (1967). 
Alternatively, a stellar wind energized by the convection 
associated with the thermal pulse may account for a small amount 
of mass loss.
The short time scale of the luminosity rise of the thermal 
pulse compared with the planetary nucleus evolution time (~100 
years c.f. ~20,000 years) makes its direct observation in 
planetary nuclei rather improbable. A permanent record of the 
event is left in the star, however, since the associated 
convection mixes material enriched in carbon (and to a lesser
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extent oxygen) from the helium burning shell almost to the surface,, 
The enrichment of carbon at the outermost extent of the 
convective zone in the pulses of §11 is indicated in Table 2,
The unprocessed abundances are = 0,0062, = 0,0185, and it
will be seen that the carbon abundance is enhanced from a third 
of the oxygen abundance to more than twice its value. Convective 
overshooting or a small amount of mass loss by either of the 
previously mentioned mechanisms could expose this material to 
direct observation. Thus observation of carbon enrichment at 
the surface of planetary nuclei or white dwarfs could provide 
indirect evidence for the existence of the thermal instability„ 
Three examples of such observations ares
(i) Ford (1971) has presented evidence that the nova= 
like variable V605 Aquilae is the central star of the low 
surface brightness planetary nebula Abell 58, Spectra of V605 
Aquilae taken during the outburst of 1917-21 were found by 
Lundmark (1921) to contain strong bands of and CN implying
a carbon to oxygen ratio greater than unity,
(ii) Greenstein and Minkowski (1964) have obtained 
spectra for the central stars of a group of the low surface 
brightness planetary nebulae listed by Abell (1966), They found 
that, a common feature of the central stars was hydrogen 
deficiency and a predominance of alpha-particle nuclei in the 
spectra, and suggested that they belonged to a carbon sequence.
It is significant that Abell's low surface brightness 
nebulae, and the nebulae associated with V605 Aquilae and FG 
Sagittae are all in an advanced stage of their evolution 
corresponding to the downward portion of the Harman-Seaton track.
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In this region one might expect the thermal pulse to have
occurred, causing the observed enrichment of carbon.
(iii) A small fraction (about 3 percent) of white dwarfs
have spectra characterized by bands indicating high carbon
abundance (the Ä4670 group of Weidemann 1968). This too could
be due to the carbon enrichment occurring during a thermal
pulse in the progenitor planetary nucleus.
Finally the present models should be compared with the
class of hydrogen-deficient carbon stars (HdC stars) discussed
by Warner (1967). These comprise the helium stars and the R
CrB stars in addition to the cool, non-variable HdC stars
studied in detail by Warner. These three groups have many
common features. They exhibit an extreme hydrogen deficiency 
4 5(by a factor 10 or 10 ) and a moderate overabundance of carbon
(by a factor ~10). The abundances of all other elements appear
normal, with some slight deviations for individual stars.
Their luminosities, while very imprecisely known, appear to be
uniform at log L/L - 4. Their effective temperatures, on theG
other hand, are discordant, the helium stars being at ~2D,000JK,
the cool, non-variable HdC stars at ~5000°K, and the R CrB
stars spanning the entire range. Their galactic space and
velocity distributions are similar to those of planetary nebulae,
indicating a similar initial mass, on the assumption that the
HdC stars are also nearing the end of their evolution. If all
or most low mass stars evolve through both the planetary nebula
and the HdC star stages, then the relative number of stars in
3the Galaxy indicates a brief HdC evolutionary phase (~10 years; 
Warner 1967). If these two stages are alternatives, however,
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then the HdC phase could last considerably longer«
Warner (1967) proposes that the HdC objects are the
remnants of stars which have lost their hydrogen-rich envelopes
by nova-like or planetary nebula-like processes, with the
resulting stellar collapse causing total mixing so that some of
the products of helium burning are brought to the surface«
Paczynski (1971) has related the R CrB stars to his low mass
model helium star calculations« He suggests that the excursion
to low effective temperature for stars of ~ 1,0 represents
the R CrB phase. Paczynski discounts the possibility that the
R CrB stars could be the progenitors of planetary nebulae
(since planetary shells are of normal composition), or that they
could occur subsequent to planetary shell ejection in view of
the rapid evolution to the white dwarf stage. He suggests,
therefore, that the R CrB phenomonon may be an alternative way
for stars of ~1«0 to approach the end of their evolution«
The tracks of Figures 2 and 3 indicate a rather sudden
appearance of the large redward excursion for M > 0.9 M ,
~  0
which suggests that stellar mass may be the factor which
determines the final evolution of low mass stars. Let us
suppose that ejection of the hydrogen-rich envelope occurs for
all low mass stars (probably in association with thermal
instability in the helium burning shell during double-shell-
source evolution). The final parts of the tracks of §11 will
then represent the evolution of the remnant helium star. When
this remnant has mass < 0,9 M it is hot and evolves rapidly
~ ©
to even higher temperature along the Harman-Seaton track. The 
ejected hydrogen-rich shell is always ionized, so that the
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planetary nebula phenomenon is observed. When the remnant.
helium star has mass > 0 o9 M it. finds itself on the cool0
excursion of the helium star tracks, with log L/L  ^4 in good0
agreement with the observed HdC star luminosity. The evolution 
time on this excursion is ~10^ years, during which the remnant, 
is incapable of ionizing the ejected shell, and by the time the 
star reaches the high temperature region on the downward part of 
the track, the shell has dissipated. Thus, in this case, the 
HdC star phenomenon rather than the planetary nebula phenomenon 
is observedo
It remains to account, for the abundance anomalies in 
HdC stars. The extreme hydrogen deficiency is occasioned by the 
ejection of the hydrogen»!ich material as a shell. The carbon 
enhancement could well be due to convective mixing above the 
helium shell during thermal pulses occurring prior to shell 
ejection (Paczynski 1971), Schwarzschild and Harm (1967) have 
evolved such a double-shell-source star for several pulses, and 
have obtained convective mixing throughout, the entire helium- 
rich region. Although, on the above picture, the pulses of § II 
cannot have caused the carbon enrichment in HdC stars, they too 
illustrate this type of convective mixing, and produce a carbon 
enhancement of the required magnitude (see above). It is 
possible that, at the cool end of the redward excursion, surface 
convection also helps to mix the helium burning products to the 
surface of the HdC stars. The tracks of §11 thus provide a 
satisfactory explanation for both the planetary nebula and the 
HdC star phenomena.
In summary, when neutrino energy losses are included,
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the late stages of shell helium burning in pure helium stars of
mass <0.8 M are characterized by a thermal instability 0
consisting of a single pulse. The evolutionary tracks and the 
time scale for luminosity decline from this pulse are in 
reasonable agreement, with the observed Harman-Seaton track for 
the nuclei of planetary nebulae. The rise time of the pulse is 
short (~100 years) so that the probability of observing a 
planetary nucleus at this stage is low, although FG Sagittae may 
be such a star. Convection associated with the pulse causes 
carbon enrichment almost to the stellar surface. With a small 
amount of subsequent mass loss, this enrichment would become 
evident in a stellar spectrum, and could explain the observed 
carbon anomalies in the nuclei of advanced planetary nebulae 
and in some white dwarfs. The redward excursion of the 
evolutionary tracks for M > 0.9 suggests that, following
ejection of the hydiogen-rich shell, the heavier remnants will 
appear as HdC stars rather than as the nuclei of planetary nebulae.
It is a pleasure to thank Dr M0S, Besselland Dr A„R.
Hyland for the benefit of discussions concerning the hydrogen- 
deficient carbon stars. P.R.W. is grateful for the support of
a Commonwealth Post-Graduate Award.
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SUMMARY
The mechanism by which planetary nebulae are ejected and
the post-ejection evolution of planetary nebula nuclei have been
investigated in order to obtain a clearer picture of the
planetary nebula phenomenon,
in the pre-ejection phase, a study of the dynamical
behaviour of red-giant envelopes has shown that at high
luminosities on the asymptotic-giant branch (log L/L > 3„6),0  ~
the envelope exhibits a series of relaxation cycles between 
which the envelope pulsates„ The relaxation cycles appear 
when the envelope changes from first harmonic to fundamental 
pulsationo It is suggested that the star would be recognised as 
a symbiotic star while it is undergoing envelope relaxation 
cycles 0
During each relaxation cycle, mass is ejected from the
envelope in the models with luminosity log L/L^ = 3„60 and
log L/Lq = 4.14 while no mass loss occurs from a model with
luminosity log L/L - 3,85, The static structure of the©
envelopes suggests that once mass loss begins, it will continue
until a significant fraction of the envelope has been ejected.
However, no dynamical calculations have been performed to test
whether sufficient mass can be ejected from the envelope to
allow the remnant core to evolve to the region of the HR diagram
occupied by the planetary nebula nuclei0
Tn the two highest luminosity models (log L/L^ = 3.85 and
log L/L = 4.14 respectively), a distinct shell moving outwards © „1 „1at 3 km sec and 10 km sec respectively was formed during the 
relaxation cycle. There was very little hydrogen rich material
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between the hydrogen burning shell and the base of the expanding 
shell in these models0 The increase in the velocity of the 
expanding shell between models 3 and 4 suggests that a further 
increase in luminosity could eject the shell completely, leaving 
a remnant star with little or no hydrogen on its surface0 Such 
a star would appear as a planetary nebula nucleus while the 
ejected material would then appear as a planetary nebula shell«,
High on the asymptotic-giant branch, a given luminosity is first 
reached during a thermal relaxation cycle of the helium burning 
shell so that ejection is most likely to occur during such a 
shell relaxation cycle«,
An asymptotic-giant branch model with a luminosity log
L/L = 3„42 was found to pulsate steadily in the first-overtone0
modeo The pulsational properties of this model are found to be 
in good agreement with the pulsational properties of a mi ra 
variable of the same period«,
Variations in the treatment of time-dependence and space- 
averaging of convection suggest that the luminosity found in this 
study (log L/L ~ 3 a6) for the transition from first overtone 
to fundamental pulsation may not be very accurate0 Observations 
show that mira variables (of necessity first overtone pulsators 
according to the results obtained in this thesis) exist at 
luminosities greater than log L/L = 3 e60 It is suggested that 
increasing the total stellar mass by reasonable amounts could raise 
the value of the transition luminosity and thereby account 
for these miras0
in the post-ejection phase, helium shell burning stars 
with carbon-oxygen cores are taken as model planetary nebula 
nuclei„ Studies of the evolution of these stars indicate that
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a single thermal instability can occur in the helium burning
shell during the luminosity decline to the white dwarf region of
the HR diagramo When neutrino energy losses are included, the
instability is found only in nuclei with M ^0,8 M while if
neutrino energy losses are neglected, the instability only
occurs if M äj 0.7 M . The best agreement between the observed
and theoretical timescales in low mass nuclei (M £ 0.8 M^) is
obtained during the decline from the shell flash. This may
indicate that planetary nebulae are ejected during a thermal
instability of the helium burning shell while on the
asymptotic-giant branch. The occurrence of shell instabilities
will allow cores of relatively low mass (M > 0.6 M ) tocore~ o
attain the high luminosities (log L/L^ ~ 4.0) found on the early
part of the Harman-Seaton sequence. It should be noted that
although the timescale for quiescent luminosity decline is much
too long when neutrino energy losses are neglected, the decline
from a shell instability may have the correct, timescale; the
decline from the instability in the 0.7 M model in whichO
neutrino energy losses were neglected is evidence of this.
Future calculations involving the nuclei of planetary nebulae 
should consider the thermal state of the core at ejection if 
better agreement with observation is to be obtained.
A suggestion is put forward that the R Coronae Borealis 
stars and other hydrogen deficient cool stars result from 
envelope ejection in a manner similar to that occurring in 
planetary nebulae. The difference between the planetary nebula 
nuclei and the R Coronae Borealis stars is that the latter are 
more massive (M >0.9 M ) than the former. Implicit in the 
above suggestion is the requirement, that the mass separation of
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the hydrogen and helium burning shells in the precursor star at 
ejection be large enough for helium shell burning to continue 
for a significant time after ejection; the remnant star will 
then be on its excursion into the cool part of the HR diagram.
If the shell separation at ejection is less than this, the 
remnant star will evolve directly down the Harman-Seaton 
sequence while the ejected material is still close enough to 
be excited as a planetary nebula.
The carbon enrichment at the surface of the cool helium 
stars is evidence that a helium shell flash, with mixing between 
the helium and hydrogen shells, has preceeded the ejection of 
the hydrogen rich envelope. On the other hand, the observed 
carbon enrichment of the atmospheres of some old planetary nebula 
nuclei and white dwarfs could have arisen either from a pre- 
ejection shell flash or from a shell flash on the Harman-Seaton 
sequence„
No carbon burning was found in those models in which 
neutrino energy losses were included. When neutrino energy 
losses were neglected, core carbon burning occurred in those 
nuclei with M ^ 0.8 M .
I
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